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Schrödinger equation

Free Schrödinger:

iuz +∇2
xu = 0, u(0, x) = u0(x)

has a dispersive effect

∥u(z)∥L∞(Rn) ≤
1

(2πz)n/2
∥u0∥L1(Rn).

Cubic nonlinear Schrödinger equation:

iuz +
1

2
∇2

xu + |u|2u = 0, u(0, x) = u0(x)

has solitary waves (localized, with enduring and persistent
shape) for n = 1 with intensity |u| constant.
For n ≥ 2 and ∥u0∥L2 ≥ a, solutions blow-up. Thus, there are
not spatial solitary waves.
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Scheme of the experimental device
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Full Nematicon Model

θ0: pretilt angle produced by the constant external electric field Ebx̂
u: electric field amplitud of the laser beam
θ: additional angle produced by the laser beam

iuz = −1
2∇

2
xu − γ(sin2(θ0 + θ)− sin2(θ0))u,

ν∇2
xθ =

1
2E

2
b sin(2θ0)− 1

2(E
2
b + |u|2) sin(2(θ0 + θ)).

(1)

where ν, γ,Eb are positive constants and x ∈ R2, z ≥ 0.

Peccianti, M., De Rossi, A., Assanto, G., De Luca, A., Umeton, C. and

Khoo IC. Electrically assisted self-confinement and waveguiding in planar

nematic liquid crystal cells. Applied Physics Letters. 2000.
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Pretilt nematicon model

Assuming θ0 ∼ π/4, |θ| ≪ 1, q > 0 depending on θ0, we have the
simpler nonlinear model:

iuz +
1
2∇

2u + sin(2θ)u = 0,

ν∇2θ − q sin(2θ) + 2|u|2 cos(2θ) = 0.

(2)

where q, ν are positive constants, x ∈ R2.
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The linear model

Considering |θ| ≪ 1, then cos(2θ) ≈ 1 and sin(2θ) ≈ 2θ.


iuz +

1
2∇

2u + 2θu = 0,

ν∇2θ − 2qθ + 2|u|2 = 0,

(3)

where q, ν are positive constants, x ∈ R2.
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Nematicon lineal model

Panayotaros, P. and Marchant, TR. Solitary waves in nematic
liquid crystals. Physica D: Nonlinear Phenomena. 2014.


iuz +

1
2∇

2u + 2θu = 0,

ν∇2θ − 2qθ + 2|u|2 = 0,

where q, ν are positive constants, x ∈ R2.
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Results

Equation on θ can be solved

θ(u) = G (|u|2)(x) = 2

ν

ˆ
R2

N0(
√
2q/ν(x − y))|u(y)|2dy

N0: Modified Bessel function.

Equation on u satisfies

iuz +
1

2
∇2u + 2G (|u|2)u = 0, u(0) = u0

Well posedness (global existence, uniqueness and continuous
dependence):

u ∈ C (R,H1(R2)) ∩ C 1(R,H−1(R2)).

Existence of the stationary solutions u(x , z) = e−iωzϕ(x),
with ∥ϕ∥L2 > a0.
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Pre-tilted nematicon model

Borgna, J.P. and Panayotaros, P. and Rial, D and Sánchez de la
Vega, C. Optical solitons in nematic liquid crystals: model with
saturation effects. Nonlinearity. 2018.

We analyze the nonlinear system (2):
iuz +

1
2∇

2u + sin(2θ)u = 0,

ν∇2θ − q sin(2θ) + 2|u|2 cos(2θ) = 0,

u(x , z = 0) = u0(x) for x ∈ R2,

assuming θ0 ∼ π/4, |θ| ≪ 1, q > 0 depending on θ0.
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Results

Director angle equation: We prove the existence of θ = θ(u)
and uniqueness of director angle equation.

Replacing θ(u) into the nonlinear Schrödinger equation, we
solve de following initial value problem:

iuz +
1

2
∇2u + sin(2θ(u))u = 0, u(x , z = 0) = u0(x).

Well posedness.

Existence of stationary solutions for laser power above a
threshold.

Saturation effect: 0 ≤ θ ≤ π/4 and if ∥u∥L∞ → ∞, then

θ → π/4.
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Full nematicon model

Borgna, J.P.; Panayotaros, P.; Rial, D and Sánchez de la Vega, C.
Optical solitons in nematic liquid crystals: arbitrary deviation angle
model. Physica D: Nonlinear Phenomena. 2020.


iuz = −1

2∇
2u − γ(sin2(θ0 + θ)− sin2(θ0))u,

ν∇2θ = 1
2E

2
b sin(2θ0)− 1

2(E
2
b + |u|2) sin(2(θ0 + θ)).

u(x , z = 0) = u0(x) for x ∈ R2,

Eb > 0, θ0 ∈ (π/4, π/2) and no assumptions on the size of θ.
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Results

Well posedness.

Existence of stationary solutions.

Saturation effect: 0 ≤ θ ≤ π/2− θ0 and if ∥u∥L∞ → ∞, then

θ + θ0 → π/2.
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The device

x

−d/2

0

d/2

z

Vb(z) > 0

θ0(z)

J. P. Borgna, P. Panayotaros, D. Rial, C. S. de la Vega Optimal Control of Nematic Liquid Crystals



Introduction
Previous Results

Optimal Control model
Ongoing work
Future work

Well posedness and regularity
Existence of minimum
First order necessary conditions
Characterization of an optimal control

The optimal control model

Borgna, J.P.; Rial, D and Sánchez de la Vega, C. Optimal control
for optical solitons in nematic liquid crystals. Applied Mathematics
and Optimization. 2024.

We analyze the optimal control problem

ı́nf
q∈Qad

J (q) = ∥u[q](ζ)− u1∥2L2(R2) + κ∥q̇∥2L2([0,ζ])

where (q, θ, u) satisfy the system:
iuz +

1
2∇

2u + 2θu = 0,

ν∇2θ − 2q(z)θ + 2|u|2 = 0,

(4)

u(x , z = 0) = u0(x) for x ∈ R2 and

Qad = {q ∈ H1([0, ζ]) : q(0) = q0, q(ζ) = qζ and m ≤ q(z) ≤ M for all z}.
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Results

We proved:

Well posedness and regularity.

Existence of a minimum.

First order necessary conditions.
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Well posedness

We define Θ : [m,M]× H1(R2) → H2(R2), where
θ = Θ(q, u) is the unique solution of the elliptic equation:

ν∇2θ − 2qθ + 2|u|2 = 0.

Θ is locally Lipschitz continuous.

Given q ∈ Qad , u ∈ C ([0, ζ],H1(R2)), we have

θ(z) = Θ(q(z), u(z)) ∈ C ([0, ζ],H2(R2)).

For the initial value problem with u(0) = u0 ∈ H1(R2)

iuz +
1

2
∇2u + 2Θ(q, u)u = 0,

we prove the existence of a unique solution globally defined.

J. P. Borgna, P. Panayotaros, D. Rial, C. S. de la Vega Optimal Control of Nematic Liquid Crystals
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Well posedness

Theorem

Given q ∈ Qad , the initial value problem for{
iuz +

1
2∇

2u + 2θu = 0,

ν∇2θ − 2q(z)θ + 2|u|2 = 0,

with u(0) = u0 ∈ H1(R2) has a unique solution

u = u[q, u0] ∈ C ([0, ζ],H1(R2)) ∩ C 1([0, ζ],H−1(R2))

θ = θ[q, u0] ∈ C ([0, ζ],H2(R)).

Moreover, u is locally Lipschitz continuous. Given R and ∥u0∥, ∥ũ0∥ ≤ R
and q, q̃ ∈ Qad , there exists M = M(R, ζ,m) > 0:

∥u − ũ∥C([0,z],H1(R2)) ≤ M
(
∥u0 − ũ0∥H1(R2) + ∥q − q̃∥C([0,ζ])

)
.

Also, ∥θ∥C([0,ζ],H2) ≤ C∥u∥2C([0,ζ],H1).

J. P. Borgna, P. Panayotaros, D. Rial, C. S. de la Vega Optimal Control of Nematic Liquid Crystals
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Regularity of the solution

Theorem

Θ(q, u) is Fréchet differentiable with respect to q and u.

Theorem

Given u0 ∈ H1(R2) and q ∈ Qad , let θ ∈ C ([0, ζ],H2(R2)) and
u ∈ C ([0, ζ],H1(R2)) solution of the coupled system. Then u is
Fréchet differentiable and

Dqu[q](δq) ∈ C ([0, ζ],H1(R2)) ∩ C 1([0, ζ],H−1(R2)).

In particular Dqu[q](δq)(ζ) ∈ H1(R2).

J. P. Borgna, P. Panayotaros, D. Rial, C. S. de la Vega Optimal Control of Nematic Liquid Crystals
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Existence of minimum

Theorem

There exists an optimal control q⋆ ∈ Qad .
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First order necessary conditions

Qad = {q ∈ H1([0, ζ]) : q(0) = q0, q(ζ) = qζ ,m ≤ q(z) ≤ M ∀z}
is a closed convex set in H1([0, ζ]) and therefore in L2([0, ζ]).

Then, if q⋆ ∈ Qad is a minimum, we have the Fermat’s Rule

⟨DqJ (q⋆), q − q⋆⟩H−1[0,ζ]×H1[0,ζ] ≥ 0, for all q ∈ Qad .

J. P. Borgna, P. Panayotaros, D. Rial, C. S. de la Vega Optimal Control of Nematic Liquid Crystals
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First order necessary conditions

Recall

J (q) = ∥u[q](ζ)− u1∥2L2(R2) + κ∥q̇∥2L2[0,ζ].

We can prove that J is Fréchet differentiable and

DqJ (q)(δq) =2⟨u[q](ζ)− u1,Dqu[q](ζ)(δq)⟩L2(R2) + 2κ⟨q̇, ˙δq⟩L2[0,ζ]
=2⟨(Dqu[q](ζ))

∗(u[q](ζ)− u1), δq⟩L2[0,ζ] + 2κ⟨q̇, ˙δq⟩L2[0,ζ]

= 2

(
(Dqu[q](ζ))

∗(u[q](ζ)− u1)− κ
d

dt
q̇

)
(δq)

J. P. Borgna, P. Panayotaros, D. Rial, C. S. de la Vega Optimal Control of Nematic Liquid Crystals
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Adjoint system

We define

Dqu[q](·)(ζ) :H1([0, ζ]) −→ H1(R2)

δq −→ Dqu[q](δq)(ζ)

and prove that for pζ ∈ H1(R2)

⟨pζ ,Dqu[q](δq)(ζ)⟩H−1(R2)×H1(R2) = ⟨−⟨y , θ⟩L2(R2), δq⟩H−1[0,ζ]×H1[0,ζ]

where
pz = i

1

2
∇2p(z) + 2θp(z)− 2uy

p(ζ) = pζ

−ν∇2 y + qy = −2Re(ūp)

characterizing the dual operator for pζ ∈ H1(R2).

[Dqu[q](·)(ζ)]∗ (pζ) = −⟨y , θ⟩L2(R2) ∈ L2[0, ζ].

J. P. Borgna, P. Panayotaros, D. Rial, C. S. de la Vega Optimal Control of Nematic Liquid Crystals
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First order necessary conditions

Theorem

Let q⋆ ∈ Qad be an optimal solution and u⋆ = u[q⋆], θ⋆ = θ[q⋆]. Then,
p ∈ C ([0, ζ],H1(R2)) ∩ C 1([0, ζ],H−1(R2)), y ∈ C ([0, ζ],H2(R2)):

iu⋆z = −1

2
∇2u⋆ − 2u⋆θ⋆,

ν∇2θ⋆ − q⋆θ⋆ = −|u⋆|2

u⋆(0) = u0

ipz = −1

2
∇2p(z) + 2ipθ⋆ + 2iu⋆y

ν∇2 y − q⋆y = 2Re(ū⋆p)

p(ζ) = u⋆(ζ)− u1(
⟨y , θ⋆⟩L2 + κ

d

dz
q̇⋆
)
(δq) ≤ 0 for all q ∈ Qad

where the last inequality is in the distributional sense.

J. P. Borgna, P. Panayotaros, D. Rial, C. S. de la Vega Optimal Control of Nematic Liquid Crystals



Introduction
Previous Results

Optimal Control model
Ongoing work
Future work

Well posedness and regularity
Existence of minimum
First order necessary conditions
Characterization of an optimal control

Characterization of an optimal control

Let q⋆ ∈ Qad be an optimal control and θ∗ and y solution of the
elliptic equations. We call g = 1

κ⟨y , θ
⋆⟩L2(R2) ∈ C ([0, ζ]). Then

T (δq) =

ˆ ζ

0

(
−q̇⋆(z) ˙δq(z) + g(z) δq(z)

)
dz ≤ 0,

for all δq ∈ H1([0, ζ]) such that q = q⋆ + δq ∈ Qad . We set

A(q) = {z ∈ [0, ζ] : m < q(z) < M} = [0, ζ] ∩ ∪i∈I (ai , bi )

for I countable. Then
1 q⋆ is unique and is the solution of

ı́nf
q∈Qad

J (q) =

ˆ ζ

0

(
1

2
q̇2(z)− g(z)q(z)

)
dz .

2 q⋆ ∈ C 2(A(q⋆)) and verifies q̈⋆(z) + g(z) = 0 for z ∈ A(q⋆).
3 q⋆ ∈ C 1([0, ζ]) and q̇⋆(z) = 0 for all z ∈ [0, ζ] \ A(q⋆).
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q̈⋆(z) = −g(z) for z ∈ {z ∈ [0, ζ] : m < q⋆(z) < M} .

z

g(z)

r1 r2 r3 ζ

z

q⋆(z)

m

M

b1 a2 b2 a3r1 r2 r3 ζ
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Numerical approximation

q

u, θ
iuz +

1
2∇

2u = −2uθ

ν∇2θ − qθ = −|u|2
u(0) = u0

p, y

ipz +
1
2∇

2p(z) = 2ipθ + 2iuy

ν∇2 y − qy = 2Re(ūp)

p(ζ) = u(ζ)− u1

g g = 1
κ⟨y , θ⟩L2(R2)q̈ = −g on A(q)
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Solutions for Schrödinger-Poisson systems

q

u, θ
iuz +

1
2∇

2u = −2uθ

ν∇2θ − qθ = −|u|2
u(0) = u0

p, y

ipz +
1
2∇

2p(z) = 2ipθ + 2iuy

ν∇2 y − qy = 2Re(ūp)

p(ζ) = u(ζ)− u1

g
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Spectral Runge Kutta

We consider the general Schrödinger-Poisson system

i vz +
1

2
∇2

xv = Γ(z , v , ψ),

ν∇2
xψ − q ψ = Ω(z , v),

where x ∈ R2 and z ∈ [0, ζ].
We consider

v̂ = F(v) and ψ̂ = F(ψ)

and obtain

i v̂z(ξ, z)−
1

2
σ(ξ) v̂(ξ, z) = F

(
Γ
(
z ,F−1v̂ ,F−1ψ̂

))
−ν σ(ξ) ψ̂(ξ, z)− q(z) ψ̂(ξ, z) = F

(
Ω
(
z ,F−1v̂

))
where σ(ξ) = |ξ|2.
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From the equation for ψ̂ , we obtain

ψ̂ = −
F
(
Ω
(
z ,F−1v̂

))
νσ + q(z)

and from the equation for v̂ , the system is reduced to equation

i v̂z(ξ, z)−
1

2
σ(ξ) v̂(ξ, z) = S(z , v̂(ξ, z)).

where

S(z , v̂) = F

(
Γ

(
z ,F−1v̂ ,F−1

(
−
F
(
Ω
(
z ,F−1v̂

))
νσ + q(z)

)))
.

Finally, we define w = e
i
2
z σ v̂ , we obtain

wz = R(z , w)

where R(z , w) = −ie
i
2
z σ S

(
z , e−

i
2
z σ w

)
.
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A quadrature

q

u, θ

p, y

g g = 1
κ⟨y , θ⟩L2(R2)
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Numerical solution for the control

q

u, θ

p, y

gq̈ = −g on A(q)
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Numerical solution for the control

z

q⋆(z)

m

M

b1 a2 b2 a3r1 r2 r3 ζ

Given g :

q̈(z) = −g(z) on

[0, b1) ∪ (a2, b2) ∪ (a3, ζ]

If there exists b1 such that

q(0) = q0, q(b1) = m, q̇(b1) = 0⇝ b1 ⇝ q̇0 =

ˆ b1

0
g
(
z ′
)
dz ′

If there exists a2 and b2 such that

q(a2) = m, q̇(a2) = 0, q(b2) = M, q̇(b2) = 0⇝ a2, b2.

Until the last interval [an, ζ].
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Future work

Finish the numerical simulations.

Generalization to the more complete models.

Controllability.
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