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Why?

div(A)V) =0 ,  AX)EE~ [€Pw(x)

Unweighted L' inequalities involving “Self-improving functionals”
} 17~ folax < (@)
Q
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Main problem

We will study Poincaré-Sobolev type inequalities

(e ) = et gl )’

e For a given p> 1.

@ There is a natural choice for a class A, of weights.
@ We try to reach the best possible g = pi,.

o Keeping track of the constant C,/!
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Main problem

We will study Poincaré-Sobolev type inequalities

(e ) = et gl )’

For a given p > 1.

There is a natural choice for a class A, of weights.
We try to reach the best possible g = p},.

Keeping track of the constant C,!

With more general "control operators” on the RHS.
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Main problem

We will study Poincaré-Sobolev type inequalities

(o)’ Coo i or)

For a given p > 1.

There is a natural choice for a class A, of weights.
We try to reach the best possible g = p},.

Keeping track of the constant C,!

With more general "control operators” on the RHS.

Extension to other scenarios and inequalities by means of the
same method of proof.
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Unweighted Poincaré in (R”, dx) - Classical results

(1,1) Poincaré inequality

1 1
= f—fd,seQ—/Vd
\o|/Q’ Qld < Q) g [ VA
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Unweighted Poincaré in (R”, dx) - Classical results

(1,1) Poincaré inequality

1 1
= f—fdgeQ/Vd
‘Q,/Qr Qld < Q) g [ VA

(p, p) Poincaré inequality, 2<n 1<p<n.

1

(& )} w0 ( v
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Unweighted Poincaré in (R”, dx) - Classical results

(1,1) Poincaré inequality

1 1
= f—fdgeQ/Vd
‘Q,/Qr Qld < Q) g [ VA

(p, p) Poincaré inequality, 2<n 1<p<n.

CIAS fQ'de> ~1Q (,Q,/mp)

Higher order Poincaré inequality with polynomials, m € N

(™ [ om
,Q,/If(y ~ oy S 5 /|v fl dy
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Poincaré - Sobolev - Classical results

Poincaré-Sobolev inequality

L
=

(i |- Rl o) <@ (g /. |vr1p>’1’
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Poincaré - Sobolev - Classical results

Poincaré-Sobolev inequality

(i |- fQ|P*dx)"1*sE(o) (g /. |vr1p>’1’

c_np
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Weights

[wda, = sup (][Q W) <][Q Wl_P,>p_1

Bl b (MB))?
o<tk (ig)” - Ec
[l = sup (]{? W) It M) < G ae.
1
A = pszlAp , (Wa, = Sl(JQpW(Q)/QM(WXQ) dx
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Self improving functionals (pre—hi_

Starting point

][Qlf— foldii < (@), a:Q — (0,00)

Ezequiel Rela Selfimproving Poincaré



Self improving functionals (pre-history)

Starting point

fIf-foldu < a(@).  a:Q (0.)
Q
Hypothesis on the functional a

> a(PYPw(P) < CPa(Q)Pw(Q)

PeA

a € Dp(w)
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Self improving functionals (pre-history)

Theorem (Franchi-Perez-Wheeden - 1998)
Let w e Ay and a € Dp(w) for some p > 0. Let f such that

1
2= fol < 2(Q).

1f=foll oz, < Cllafla(Q)-

" w(Q)

Then

@ Only for the weak norm

e C depends exponentially on [w]a__ .
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Truncation

Truncation or weak implies strong lemma:

Let g > 0, Lipschitz. Suppose a weak (q, p)-type estimate for the
measures p,v and 1 < g < p:

sup til{x € R" g() > ) 5 ([ |Vg(x)|qdu)‘l’

t>0

Then the strong estimate also holds, namely

1
lellg s [ (vetorar)
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D, and Poincaré

Model example: p > 0

1

(@ =@ (i [710w)" = {220

Let w € Ap, then

(a7’ <wo gl o)

How to deal with higher order Poincaré inequality with
polynomials? No truncation...

g - 1) = maliay < &

Ezequiel Rela Selfimproving Poincaré

IvTdy




New D,-type condition

Smallness preserving functionals

a € SDp(w) for 0 < p<ocand s>1if

> a(@rw(@) < a7 (=42) " a(@ru(@)

I

for every collection {Q;} of pairwise disjoint subcubes of Q.
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Main Theorem

Theorem (A)
Let we A, p>1,5>1 and a € SD3(w). If

1
— [ |F— fol < a(Q),
AR

then

ot erPw)’l’ < Gyslal*a(@)
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About the proof

Hypothesis:
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About the proof

. [f—fql
H hesis: <1 Ds
ypothesis ][Q 2Q) b a € SDy(w)
1 f—fol?
Goal: Uniform control of /
w(Q) Jql a(Q)
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About the proof

. [f—fql
H hesis: <1 Ds
ypothesis ][Q 2Q) b a € SDy(w)
1 f—fo P
Goal: Uniform control of / w
w(Q) Jql a(Q)

Calderon - Zygmund decomposition for L > 1:

Q= {xe Q: M‘é,(l{éﬁ'x(\)) (x) > L} :UQJ-
J

f—f
L<][Q.’a(o§?| <L, \Qle(UQj]<‘f‘
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About the proof

. [f—fql
H hesis: <1 Ds
ypothesis ][Q 2Q) b a € SDy(w)
1 f—fo P
Goal: Uniform control of / w
w(Q) Jql a(Q)

Calderon - Zygmund decomposition for L > 1:

Q= {xe Q: M(é();z(;)d)((\?) (x) > L} :UQJ
J

f—f
L<][Q,’a(o§?’ <L, \Qle(UQj]<‘f‘

Key step: Go from (-)g to (-)g
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About the proof

Calderén - Zygmund decomposition into good and bad parts

lg(x)] < 2"L

PRI W CED il =CRNE

1

Y N LA LS (R o\
(W(Q) o Q)P d> <2 L+(W(Q)/§2L;b@ d)
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About the proof

/ 1Y b Pwdx < Z/ |bg,| wdx
Q i JQi

_ 1 a(Qj)pW(Qj)/ f-fo|”

B a(Q)P¥ Q) Jola(@) | "
>_;a(Qi)Pw(Q))
P J

= T e

where X is the quantity defined by
1 f— fol? )1/”
X= :
(e o 5a| =
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About the proof

1 [ 1f=fl” N\ o 5,2(Q)W(Q) ) »
(@ [, ) <2 (e =)
X< 2"+ xﬂf/”
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About the proof

1 [ 1f=fl” N\ o 5,2(Q)W(Q) ) »
(@ [, ) <2 (e =)
X<+ X1 !
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About the proof

1 [ 1f=fl” N\ o 5,2(Q)W(Q) ) »
<w(o> o AQ)P "> S“*(”’ AQPw(Q) )

n [Ell |
X< 2"+ X 7. .

Choose L = 2emax{||a||®,1} to conclude that

/
X < 2M2€l|al® ((26)1/5> < 2™ g a|°
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About the proof

1 [ 1f=fl” N\ o 5,2(Q)W(Q) ) »
<w(o> o AQ)P "> S“*(”’ AQPw(Q) )

n [Ell |
X< 2"+ X 7. .

Choose L = 2emax{||a||®,1} to conclude that

’
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About the proof

1 [ 1f=fl” N\ o 5,2(Q)W(Q) ) »
<w(o> o AQ)P "> S“*(”’ AQPw(Q) )

n [Ell |
X< 2"+ X 7. .

Choose L = 2emax{||a||®,1} to conclude that

’
X < 2”26”3”5 ((26)1/s> < e2n+1s||aHs I l

!IsXﬁmm?
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About the proof

1 [ 1f=fl” N\ o 5,2(Q)W(Q) ) »
<w(o> o AQ)P "> S“*(”’ AQPw(Q) )

n [Ell |
X< 2"+ X 7. .

Choose L = 2emax{||a||®,1} to conclude that

’
X < 2”26”3”5 ((26)1/s> < e2n+1s||aHs I l

! Is X finite?

! I Where is the A condition? Why there is no [w]a_ 7

Ezequiel Rela Selfimproving Poincaré



About the proof

1 [ 1f=fl” N\ o 5,2(Q)W(Q) ) »
<w<o> o AQ)P ") S“*(”’ AQPw(Q) >

n [Ell |
X< 2"+ X 7. .

Choose L = 2emax{||a||®,1} to conclude that

’
X < 2”26”3”5 ((26)1/s> < e2n+1s||aHs I l

! Is X finite?
! I Where is the A condition? Why there is no [w]a_ 7

[LLO] Lerner, Lorist, Ombrosi proved that A, is not required (*)
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Consequences |: weighted (p, p) Poincaré

Model example: o, p > 0
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Consequences |: weighted (p, p) Poincaré

Model example: o, p > 0

1/p n/o
Q) =10 (@) = { NN

From unweighted (1,1) to weighted (p, p) Poincaré inequalities

][Q - foldx < e(@)]{? 7 fidx
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Consequences |: weighted (p, p) Poincaré

Model example: o, p > 0

1/p n/o
Q) =10 (@) = { NN

From unweighted (1,1) to weighted (p, p) Poincaré inequalities

][Q - foldx < e(@)]{? 7 fidx

3,40 (g7 /197w dx):’

We have then the starting point:

AN

]{?|f— foldx < a(Q) € SDp(w)
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Consequences |: weighted (p, p) Poincaré

Corollary (Theorem A - A, case)

Let we Ap, p>1,n> 1. Since

G L1 fal < 3,60 (5 [ (9w dx)‘l’ = 4(Q)

and a € SD;(w) with s = n, ||a|| =1, then

ol fQ\P) < Gl 1(Q <(Q/rwp)l
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Consequences Il: weighted (p:,, p) Poincaré - Sobolev

Unweighted Poincaré-Sobolev

1 1
L\ b1 1 1
f—fpdx>p gzo( vp>", S— ===
(£, 1%l @ (f v -

Again, we start from:

fo1#= felo< 112,40 (g /IVﬂ”wdx>1=a(Q)

Goal

Obtain that a € SD;. with some control on pj,, s and | a]|.
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Consequences Il: weighted (p:,, p) Poincaré - Sobolev

Back to the model example:

Modified Poincaré-Sobolev index: p* = p*(q, M), (¢ >1,M>1)

1
ngM

weAgpl<qg<p=acSD,(w), s=nM, |a = (w4

Key property:

() =i
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Consequences Il: weighted (p:,, p) Poincaré - Sobolev

Choosing M =1 + %’ log[w] 4, we obtain
1 1 1

p P, nlq+log[wla,)

Theorem (B)

Let 1 < p < nandlet we Aq be a nontrivial weight with
1<qg<np If

) 1 1/p
|Q|/Q|f— fol < a(Q) = 4(Q) (W(Q)M(Q)> )
then

1

—— [ |f— ol ——25(Q).
(w(Q) /o‘ d W) = =

1
log[w] 4,
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Further improvements on pj, for flat weights

1 1 1

p Py n(q+log[wla,)

Let1 < p < nandletwe A, be a any weight with1 < q < p. If

1 1 1/p
o /Q I~ fol < a(Q) = () (W(Q)u(a)) ,

then

f— 1 o v\ < cpa(@
I Qﬂlew,oo(QW%)) (Q)

Only for the weak norm...

Ezequiel Rela Selfimproving Poincaré



Further improvements on pj, for flat weights

1 1 1

p P, n(q+logwla,)

Let1 < p< nandletwe Ay be a any weight with1 < q < p.

1

(g L1~ o)™ < cototy, (5 || |Vﬂpw)’1’
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A1 weights, which one is better?

For A1 weights, we can define p}, as

1 1 1 1 1

*

Compare
1 1

p Py n(p+log[wla,) PP

_ 1
Con(1+ log[w] 4, )

n(p+ loglwla,) — n(1+ log[wla,)

Equivalently,
[W]Al S ep—l [W]Ap

Is this true? Always? Never? Sometimes?
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Further improvements on pj, - For the gradient

Theorem (D - Old stuff works)

Let1<p<n weAgwithl <q<p. Letf—pi:%. Then

Cotl fo|pWW) SRR )

Starting point:

f 1= felee< 13,40 (75 /!Vﬂ"wdx>1=a(0)

Smallness preservation:

o a € SDy with |la]| =1
1
) we Ag = a € Dy (w) with ||a|| = [W];\‘Z7
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The case of A; weights

From Theorem (D): - p% =1 (Sobolev!)

T =

1
3

<w(1Q)/Q‘f_ fol” W)P S [W]AI[W]Ap (

Ezequiel Rela Selfimproving Poincaré
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Extensions and variations
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Product spaces |: arbitrary rectangles

R: rectangles in R” seen as n-fold product of intervals on R

Pretty much the same theory, considering the eccentricity of a
rectangle

_ IR
R = 4R
to handle the absence of the formula |Q| = ¢(Q)"
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Product spaces Il: product of cubes

SR: R=1 x b C R" where 1 € R™ and , C R™ are cubes.

Starting point (requires a proof):

ﬁf—mm%uqﬁww+umfj%ﬂ

Conclusion (by self-improving):

1
I~ frlle gy < O3, [£00) 190y () 192

where
1 1 1 1 and b wdx
pp* ng+loglwla,y, w(R)

The geometric information related to the eccentricity here is
(k)™
ER) = ——+

( ) g(ll)nz Y

Ezequiel Rela Selfimproving Poincaré
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Minimal conditions for BMO

Let us start by recalling that a function f belongs to BMO if
Ml :=sup f [F fol < o0
QJQ
We also recall that

~ sup inf f—c
| flBmo ZPQER]{?‘ |

1flog = fnf{)\ -0 |(1?‘/Q<p <|§> dx < 1}

[ fllBMo, = SL(JQP C"E‘{{ |f—clly,@ < oo
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Minimal conditions for BMO

Theorem (A)

Let ¢ be an increasing, concave function with ¢(0) = 0 and such

that lim_, ¢(t) = +00. Then BMO, = BMO with the following
quantitative estimates:

¢ (1)|Iflemo, < lIflBMO

and

Iflsmo < (207H(4) + 97" (2+2772)) [ lBmo,

Logunov, Slavin, Stolyarov, Vasyunin, Zatitskiy [LSSVZ15]

Kool =  sup ]{ o (1~ £).

J subcube of Q
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Minimal conditions for BMO - Sketch of proof

Hypothesis:

Mo, =1 ][ng(rf— cal) <2
Goal: to control

X= sup ][|f(x — col dx

Q cube

Calderén-Zygmund:
°o L <][ o (|f—cgl) <2"L,

Qj

P —co) <L ae xeJQ;

1 2
° ‘Q‘ZJ:IQJ"SL
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Minimal conditions for BMO - Sketch of proof

Standard first step:

f(x) — col < [f(x) = cq)| + |cq — cq)

Key step:

co-cal = (f ellea-cal) )
<pt (ﬁj@(lf(X) — cql) dX+][QJ_80 (Ix) - cq) dX)
<@ ("L +2) (subaditivity)
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Minimal conditions for BMO - Sketch of proof

Self absorbing:

1 1
_ < _ 4+ _
][QI"(X) cql < Q Q\Uijlf(X) cql Q /Uijlf(X) cql
|Qj

,lL IJl . _
SO+ E g, 09 <o +ea - cal

2X 20 Y(2nL 42
X < g X 2T

IN

Simply choose L = 4 to get

X <2071 (4) + ¢ (24 272)
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Minimal conditions for BMO - Extensions

Let ¢ : [0,00) — [0,00) be any measurable function such that
¥(0) = 0 and im0 ¥(t) = +00. Then

[fllBMo < cnpllfilBMO,, -
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Minimal conditions for BMO

Spaces of Homogeneous Type: (X, d, ).

Vitali covering lemma ~~ C-Z decomposition

Non doubling measures (non atomic): ;(0Q) =0
Besicovitch covering lemma ~~ Besicovitch-C-Z decomposition
Rectangles and non-doubling measures (non atomic):
n(OR) =0

Riesz's Rising Sun lemma ~~ C-Z decomposition
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Summary and a Template

@ A reasonable inequality as a starting point
][ |f — foldx S a(@).
Q

@ A functional a(Q) with some chance of satisfying a smallness
preservation property.

@ A geometric structure compatible with Calderén-Zygmund
decompositions.
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Work in progress

@ Trace-Poincaré-Sobolev (with Andrea Olivo (BCAM))

1 1
| |f—fygldH" Tt < d /Vd
0 oo~ el S d Qg [ Ve

e Selfimproving on nested fractals (Felipe Negreira (UBA))

e Optimality of the exponents p}, (Alejandro Claros (BCAM))
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Thank you!
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Thank you!
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Some extra stuff

Ezequiel Rela Selfimproving Poincaré



Higher order Poincaré

Let w be any weight, p>1, a € SDZ(W)
If

1 L1~ Pofi < (@)

then

( / |f—= Pofl? WdX>£ < Com(1+ s)max{]|al®, 1}a(Q)

i
Q)
)

|

Let 1< p< - andlet we Ap.

(s - )’ <ot (s 57
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The model example and SDY*

Model example: o, p > 0

1/p n/o
a(o)ze(o)“(w(la)u(o)) - {“’“DP (w)

lall =1

>_AQ)PwQ) = 3 UQ)u Z\Q,I Q)
*<y < (Do,-\)" (Zu(o,-)(p"ay)(”“)
< (1) Zwe

i
po pa

- (1) weru@= (1) «oru:
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Consequences Il: weighted (p:,, p) Poincaré - Sobolev

S QP MQ) = Yu(@)F ((“‘”)

i i Qi)%_
e el \ "
= (QI)P< 1>
ZM W(?i)‘T
o (1Q19 7 L
< [l (w(Q)) >_ Q) -Ql

Ezequiel Rela Selfimproving Poincaré



Consequences Il: weighted (p:,, p) Poincaré - Sobolev

> aQ@)F @) = Y u@)* ((“‘”)

i i Qi)%_
s (1l )"
- g (1)
Z W(Qi)W
|Q| ’ al
< [] (w(O)) > Q)7 Qi

Holder's inequality plus some magic...
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Consequences Il: weighted (p:,, p) Poincaré - Sobolev

S QP MQ) = Yu(@)F ((“‘”)

i i

IN
a:b ~°§
N

L)
N—
3
=
—~
S
N
< “‘*
D)
X

Holder's inequality plus some magic...

:al
nM'

IN

i@ w@) ()
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Measure-dyadic decompositions

I C R:

o Gi(/)={l+, -} such that p(ly) = p(l-) = u(l)/2.
o Gy(l) = Gi(l+) U Gy(1-).
@ Recursively define G, to obtain D}’

Chains

C = {Jitien, Ji € Gi(I), Jir1 C Ji

Coo 1= ﬂ J 1(Cso) =0
Jec
E=I\ |J C w(1) = u(E)
|Coo|>0
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Hardy-Littlewood maximal function

M) = sup . 1) oy
Qo>xJ Q
M: [P(wdx) — LP(wdx) <= we A, 1< p<oo
M: [Y(wdx) = [1°(wdx) <= we A
1
IMlowy S PWlR 1<p<oo

1
[M[[(poomy = W], 1< p<oo
p
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