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We consider a function u such that the geometric evolution of the level
hypersurface moving its points in the direction of the normal vector (pointing inside
the set) with speed given by the mean curvature, V = −κ.
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The movement by mean curvature of a hypersurface and its associated
elliptic equation
Let us start with a hypersurface S = ∂Ω0 ⊂ RN , that is the boundary of a
connected and strictly convex domain. We will use a level set approach to
describe this geometric evolution.

Ωt = {x : u(x) > t}, t ≥ 0.



Universidad Torcuato Di Tella

The movement by mean curvature of a hypersurface and its associated
elliptic equation
Let us start with a hypersurface S = ∂Ω0 ⊂ RN , that is the boundary of a
connected and strictly convex domain. We will use a level set approach to
describe this geometric evolution.

Ωt = {x : u(x) > t}, t ≥ 0.



Universidad Torcuato Di Tella

The movement by mean curvature of a hypersurface and its associated
elliptic equation
Let us start with a hypersurface S = ∂Ω0 ⊂ RN , that is the boundary of a
connected and strictly convex domain. We will use a level set approach to
describe this geometric evolution.

Ωt = {x : u(x) > t}, t ≥ 0.



Universidad Torcuato Di Tella

The movement by mean curvature of a hypersurface and its associated
elliptic equation
Let us start with a hypersurface S = ∂Ω0 ⊂ RN , that is the boundary of a
connected and strictly convex domain. We will use a level set approach to
describe this geometric evolution.

Ωt = {x : u(x) > t}, t ≥ 0.



Universidad Torcuato Di Tella

Take x ∈ ∂Ωt a regular point (∇u(x) ̸= 0). We have ∇u(x) ⊥ ∂Ωt and for a unitary
vector v ⊥ ∇u(x) (v is tangential to the hypersurface ∂Ωt ) the quantity
−⟨D2u(x)v , v⟩ gives the curvature of ∂Ωt in the direction of v .
The mean of the principal curvatures of ∂Ωt is given by

κ =
∑

i

κi = div
( ∇u
|∇u|

)
(x) =

1
|∇u(x)|

(
∆u(x)−

〈
D2u(x)

∇u
|∇u|

(x),
∇u
|∇u|

(x)
〉)

.
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The elliptic mean curvature equation:{
|∇u(x)|div

(
∇u
|∇u|

)
(x) = −1, x ∈ Ω0,

u(x) = 0, x ∈ ∂Ω0.

or {
∆u(x)−

〈
D2u(x) ∇u

|∇u|(x),
∇u
|∇u|(x)

〉
= −1, x ∈ Ω0,

u(x) = 0, x ∈ ∂Ω0.

Notice that when u solves the equation, then v(x , t) = u(x)− t is a solution to

∂v
∂t

(x , t) = ∆v(x , t)−
〈

D2v(x , t)
∇v
|∇v |

(x , t),
∇v
|∇v |

(x , t)
〉
,

that is usually referred to as the mean curvature evolution equation.
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▶ L.C. Evans, J. Spruck. Motion of level sets by mean curvature. I. J. Differential
Geom., 33(3) (1991), 635–681.
The authors proved that there exists a unique viscosity solution and in
addition a comparison principle holds.

▶ R.V. Kohn and S. Serfaty. A deterministic-control-based approach to motion
by curvature. Comm. Pure Appl. Math., 59(3), (2006), 344–407.
The authors prove that for a convex planar domain, the evolution remains
smooth under motion by mean curvature, and it becomes asymptotically
circular as it shrinks to a point. Concerning regularity, the authors proved that
u is C3(Ω0).
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Two formulations

∆u(x)−
〈

D2u(x)
∇u
|∇u|

(x),
∇u
|∇u|

(x)
〉
= −1, x ∈ Ω0,

u(x) = 0, x ∈ ∂Ω0.

and
1

µ({⟨∇u(x), v⟩ = 0})

∫
⟨∇u(x),v⟩=0

1
2
⟨D2u(x)v , v⟩dµ(v) = −C, x ∈ Ω0,

u(x) = 0, x ∈ ∂Ω0.

with
C =

1
µ(⟨eN , v⟩ = 0)

∫
⟨eN ,v⟩=0

1
2
(v1)

2 dµ(v).

There are equivalent.
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A probabilistic game approximation for the elliptic problem

The game is a probabilistic two-person zero-sum game.
▶ Paul (maximize)
▶ Carol (minimize)

Take ε > 0, Ω0 ⊂ RN a strictly convex and bounded domain. Let us start in
x0 ∈ Ω0.
▶ Paul chooses a set of unitary vectors A ⊂ SN−1 with σ(A) ≥ 1

2σ(S
N−1) + δε.

▶ Carol chooses a set B ⊂ SN−1 with measure σ(B) ≥ 1
2σ(S

N−1) + δε.
Then, the next position of the game is given by

x1 = x0 + v1ε,

where the vector v1 is randomly chosen (with uniform probability) in the set A ∩ B.
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The game ends when the position exits Ω0 and Carol pays to Paul an amount

ε2K × (number of plays)

with K a constant that we will specify latter.

– The value of the game for Paul is ,

uε
p(x0)= inf

Sc
sup
Sp

Ex0
Sp,Sc

[
ε2K × (number of plays)

]
.

– The value for Carol is given by

uε
c(x0)= sup

Sp

inf
Sc

Ex0
Sp,Sc

[
ε2K × (number of plays)

]
.
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We proved that the game has a value, that is

uε(x0) := uε
p(x0) = uε

c(x0)

This function verifies the following Dynamic Programming Principle (DPP) uε(x) = sup
A

inf
B

{∫
A∩B

uε
(
x + vε

)
dσ(v)

}
+ ε2K , x ∈ Ω0,

uε(x) = 0, x ∈ RN \ Ω0.

In addition, the comparison principle holds. Finally, the value of the game is the
unique solution to the DPP.
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The value of the game converges to a function u.

We defined
u(x) = lim sup

ε→0+

y→x

uε(y), u(x) = lim inf
ε→0+

y→x

uε(y)

Notice that u ≤ u. We proved that u is a viscosity subsolution to the mean
curvature equation, u is a viscosity supersolution, and u(x) = u(x) = 0 for
x ∈ ∂Ω0. Therefore, by the comparison principle, we get that u ≤ u. Finally,
u = u = u. Hence, the limit of the family uε exists. That is

lim
ε→0

uε(x) = u(x).
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The function u is the unique viscosity solution to the mean curvature
equation

Idea of the proof:
Suppose that u is smooth.

u(x) ≈ sup
A

inf
B

{
1

σ(A ∩ B)

∫
A∩B

u
(
x + vε

)
dσ(v)

}
+ ε2K ,

that is

0≈sup
A

inf
B

{
1

σ(A ∩ B)

∫
A∩B

(
u
(
x + vε

)
− u(x)

)
dσ(v)

}
+ ε2K .

Using Taylor, and dividing by ε2 we get

0≈sup
A

inf
B

{
1

σ(A ∩ B)

∫
A∩B

(1
ε
⟨∇u(x), v⟩+ 1

2
⟨D2u(x)v , v⟩

)
dσ(v)

}
+ K .
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0≈sup
A

inf
B

{
1

σ(A ∩ B)

∫
A∩B

(1
ε
⟨∇u(x), v⟩+ 1

2
⟨D2u(x)v , v⟩

)
dσ(v)

}
+ K .

Now, assuming that ∇u(x) ̸= 0, the leading term is the one that involves 1/ε.
▶ Paul strategy: v such that ⟨ ∇u(x)

|∇u(x)| , v⟩ is as large as possible, and he may

choose A = {v : ⟨ ∇u(x)
|∇u(x)| , v⟩ ≥ −θε} with θε such that σ(A) = 1

2σ(S
N−1) + δε.

▶ Carol strategy: v such that −⟨ ∇u(x)
|∇u(x)| , v⟩ is as large as possible, and she may

choose B = {v : ⟨ ∇u(x)
|∇u(x)| , v⟩ ≤ θε}.

With these choices of the sets A and B we get A∩B = {v : −θε ≤ ⟨ ∇u(x)
|∇u(x)| , v⟩ ≤ θε}

and, in this case, by symmetry, the leading term vanishes, since we have∫
−θε≤⟨ ∇u(x)

|∇u(x)| ,v⟩≤θε

⟨∇u(x), v⟩dσ(v) = 0.



Universidad Torcuato Di Tella

0≈sup
A

inf
B

{
1

σ(A ∩ B)

∫
A∩B

(1
ε
⟨∇u(x), v⟩+ 1

2
⟨D2u(x)v , v⟩

)
dσ(v)

}
+ K .

Now, assuming that ∇u(x) ̸= 0, the leading term is the one that involves 1/ε.
▶ Paul strategy: v such that ⟨ ∇u(x)

|∇u(x)| , v⟩ is as large as possible, and he may

choose A = {v : ⟨ ∇u(x)
|∇u(x)| , v⟩ ≥ −θε} with θε such that σ(A) = 1

2σ(S
N−1) + δε.

▶ Carol strategy: v such that −⟨ ∇u(x)
|∇u(x)| , v⟩ is as large as possible, and she may

choose B = {v : ⟨ ∇u(x)
|∇u(x)| , v⟩ ≤ θε}.

With these choices of the sets A and B we get A∩B = {v : −θε ≤ ⟨ ∇u(x)
|∇u(x)| , v⟩ ≤ θε}

and, in this case, by symmetry, the leading term vanishes, since we have∫
−θε≤⟨ ∇u(x)

|∇u(x)| ,v⟩≤θε

⟨∇u(x), v⟩dσ(v) = 0.



Universidad Torcuato Di Tella

0≈sup
A

inf
B

{
1

σ(A ∩ B)

∫
A∩B

(
�������1
ε
⟨∇u(x), v⟩+ 1

2
⟨D2u(x)v , v⟩

)
dσ(v)

}
+ K .

Now, assuming that ∇u(x) ̸= 0, the leading term is the one that involves 1/ε.
▶ Paul strategy: v such that ⟨ ∇u(x)

|∇u(x)| , v⟩ is as large as possible, and he may

choose A = {v : ⟨ ∇u(x)
|∇u(x)| , v⟩ ≥ −θε} with θε such that σ(A) = 1

2σ(S
N−1) + δε.

▶ Carol strategy: v such that −⟨ ∇u(x)
|∇u(x)| , v⟩ is as large as possible, and she may

choose B = {v : ⟨ ∇u(x)
|∇u(x)| , v⟩ ≤ θε}.

With these choices of the sets A and B we get A∩B = {v : −θε ≤ ⟨ ∇u(x)
|∇u(x)| , v⟩ ≤ θε}

and, in this case, by symmetry, the leading term vanishes, since we have∫
−θε≤⟨ ∇u(x)

|∇u(x)| ,v⟩≤θε

⟨∇u(x), v⟩dσ(v) = 0.



Universidad Torcuato Di Tella

Then, with the sets A and B described before, we arrive to

0≈ 1
σ(−θε ≤ ⟨∇u(x), v⟩ ≤ θε)

∫
−θε≤⟨∇u(x),v⟩≤θε

1
2
⟨D2u(x)v , v⟩dσ(v) + K .

We observe that the sets A ∩ B = {−θε ≤ ⟨∇u(x), v⟩ ≤ θε} converge to
{⟨∇u(x), v⟩ = 0} as ε → 0 and hence, we obtain

0=
1

µ(⟨∇u(x), v⟩ = 0)

∫
⟨∇u(x),v⟩=0

1
2
⟨D2u(x)v , v⟩dµ(v) + K .

Hence, if we choose K = C, we arrive to the mean curvature equation

0=
1

µ(⟨∇u(x), v⟩ = 0)

∫
⟨∇u(x),v⟩=0

1
2
⟨D2u(x)v , v⟩dµ(v) + C.

That is
∆u(x)−

〈
D2u(x)

∇u
|∇u|

,
∇u
|∇u|

〉
= −1.
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