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Given a Banach space X over a field K, we say that

⋇ A sequence B = {en}n is a Markushevich basis for X if:
X = [en : n ∈ N].
there is a unique sequence (e∗

n)n ⊂ X∗ biorthogonal to (en)n.
if e∗

n(f ) = 0 for all n, then f = 0.

f ∼
∞∑

n=1

e∗
n(f )en (formal)

⋇ If in addition, there is C > 0 so that for all f ∈ X and all N ∈ N

∥
N∑

n=1

e∗
n(f )en∥ ≤ C∥f ∥,

the sequence B = {en}n is a Schauder basis.

⋇ A Schauder basis B is unconditional if there is C > 0 so that for all f ∈ X, and all
(εn) ⊂ K : |εn| = 1, ∥∥ ∞∑

n=1

εne∗
n(f )en

∥∥ ≤ C∥f ∥.
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Spaces of Dirichlet series

⋇ The ordinary case{
D(s) =

∞∑
n=1

ann−s , with (an) ⊂ C and s a complex variable.

}

⋇ The general case: determined by a sequence λ = (λn) of strictly increasing
non-negative real numbers, λn ↑ ∞ (called the frequency).{

D(s) =
∞∑

n=1

ane−λns , with (an) ⊂ C and s a complex variable.

}

⋇ Special cases
λn = n: Fourier series.
λn = log(n): ordinary Dirichlet series.

⋇ Polynomials (for a finite set A ⊂ N):

D =
∑
n∈A

ann−s or D =
∑
n∈A

ane−λns .
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Hardy spaces of Dirichlet series (the ordinary case)

For 1 ≤ p <∞, the Hardy space of Dirichlet series is defined as the completion of the
space of polynomials with respect to the p-norm

∥∥D
∥∥

Hp
=

(
ĺım

R→∞

1
2R

∫ R

−R

∣∣∣∑
n∈A

ann−it
∣∣∣pdt

) 1
p

For p =∞, proceeding similarly, we obtain a subspace of the classical space H∞. This
space, denoted A∞, is the closure of the space of polynomials with respect to the norm

∥D∥H∞ = sup
t∈R

∣∣∣∑
n∈A

ann−it
∣∣∣.

The Hardy space of λ-Dirichlet series is defined as above, with n−it replaced by e−λn it .

The spaces are denoted, respectively, by Hp,A∞ ⊂ H∞ and Hλ
p ,Aλ

∞ ⊂ Hλ
∞.
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About the bases:

⋇ The sequence B = {n−s}, known as the canonical basis for Hp

:
• is a Schauder basis for Hp, for 1 < p <∞.

Aleman–Olsen–Saksman (2014)
• is a Markushevich basis for H1 = [n−s : n ∈ N] and for A∞ = [n−s : n ∈ N].
• is unconditional if and only if p = 2 (the Hilbert space case).

Carando–Defant–Sevilla-Peris (2018), Temlyakov (1998)

For 1 ≤ p < q ≤ ∞ the strict inclusions Hq ⊂ Hp hold, with ∥ · ∥Hp ≤ ∥ · ∥Hq .

⋇ The sequence Bλ = {e−λns}, known as the canonical basis for Hλ
p :

• is a Schauder basis for Hλ
p , for 1 < p <∞.

Defant–Schoolmann (2019)
• is a Markushevich basis for Hλ

1 = [e−λns : n ∈ N] and for Aλ
∞ = [e−λns : n ∈ N].

For 1 ≤ p < q ≤ ∞ the inclusions Hλ
q ⊂ Hλ

p hold, with ∥ · ∥Hλ
p
≤ ∥ · ∥Hλ

q
.

Unlike the ordinary case, the above inclusions need not be strict.

• For a wide class of frequencies λ, Hλ
p = Hλ

2 for 1 ≤ p <∞ and Aλ
∞ = ℓ1.

→ If λ is Q-linearly independent.
Carando–Defant–Marceca–Schoolmann (2021) and Schoolmann (2020).
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p = Hλ

2 for 1 ≤ p <∞ and Aλ
∞ = ℓ1.

→ If λ is Q-linearly independent.
Carando–Defant–Marceca–Schoolmann (2021) and Schoolmann (2020).
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The questions.
⋇ For 1 < p <∞, how far is the basis B = {n−s} from being unconditional in Hp?

A natural way to explore this is by analyzing the growth of its fundamental functions.

⋇ Can the behavior of these fundamental functions reveal good properties of B?

For instance, can we detect greedy-type behaviors associated with B, like democracy
or similar properties?

⋇ What can be said about the cases p = 1 and p =∞?

⋇ What can be said about Bλ = {e−λns} in the context of general Hardy-Dirichlet
spaces?
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Fundamental functions

For A ⊂ N, we take the set of signs: EA = ∅ if A = ∅ and
EA := {ε = (εn)n∈A : |εn| = 1 ∀n ∈ A}.

Given B = {en} in X, A ⊂ N finite, and ε ∈ EA, we consider the indicator sums:

1A := 1A[B,X] =
∑
n∈A

en, and 1ε,A := 1ε,A[B,X] =
∑
n∈A

εnen.

Democracy functions
φu(N) := φu[B,X] := sup{∥1A∥ : A ⊂ N, |A| ≤ N} (upper)

φl (N) := φl [B,X] := inf{∥1A∥ : A ⊂ N, |A| ≥ N} (lower)

Super-democracy functions
φu,E (N) := φu,E [B,X] := sup{∥1ε,A∥ : A ⊂ N, |A| ≤ N, ε ∈ EA} (upper)

φl,E (N) := φl,E [B,X] := inf{∥1ε,A∥ : A ⊂ N, |A| ≥ N, ε ∈ EA} (lower)

φl,E ≤ φl ≤ φu ≤ φu,E
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We need to estimate values of the type
∥∥∥ ∑

n∈A
εnn−s

∥∥∥
Hp

, (|εn| = 1).

z ∈ C∞ : zα = zα1
1 · · · z

αk
k n = pα = pα1

1 · · · p
αk
k

α = (α1, . . . , αk , 0, . . .) ∈ N(N)
0

The Bohr transform:

P D
B

cα = apα
f =

∑
α∈N(N)

0

cαzα

︸ ︷︷ ︸
(possitive) Power series

D =
∑

n

ann−s

︸ ︷︷ ︸
Dirichlet series

Connects the Hardy space Hp(T∞) with the spaces of Dirichlet Series Hp:

Hp := B(Hp(T∞)) isometrically (via the norm)
∥∥D
∥∥

Hp
:=
∥∥B−1(D)

∥∥
Hp(T∞)

.(
T∞ =

∏∞
k=1 T is considered with its normalized Lebesgue measure, which is the

countable product measure of the normalized Lebesgue measure on T.
)
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Some examples of estimates of
∥∥∥ ∑

n∈A
εnn−s

∥∥∥
Hp

, |εn| = 1, using:

n = pα = pα1
1 · · · p

αk
k ←→ z ∈ T∞ : zα = zα1

1 · · · z
αk
k and

the Bohr transform

⋇ Take n = 2j , for j = 1, . . . , N and use that (2j)−s ←→ z j
1:∥∥∥ N∑

j=1

(2j )−s
∥∥∥

Hp
=

(∫
T

∣∣∣ N∑
j=1

z j
1

∣∣∣pdz1

)1/p

=
∥∥DN

∥∥
Lp(T)

≈
{

log N if p = 1,

N
1

p′ if p > 1.

(Here, DN is the Dirichlet kernel.)

⋇ Take pn instead of n, and use that p−s
n ←→ zn, for |A| = N:

• 1 ≤ p < ∞:
∥∥∥ ∑

n∈A
εnp−s

n

∥∥∥
Hp

=
∥∥∥ ∑

n∈A
εnzn

∥∥∥
Hp(T∞)

≈
Khinchin
Steinhaus

(∑
n∈A

|εn|2
) 1

2

= N
1
2 .

• p = ∞:

∥∥∥∑
n∈A

εnp−s
n

∥∥∥
H∞

= sup
T∞

∣∣∣∑
n∈A

εnzn

∣∣∣ =
∑
n∈A

|εn| = N.
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Asymptotic estimates of the fundamental functions for B = {n−s} in Hp

φp
u(N) := sup

|A|≤N

{∥∥∑
n∈A

n−s∥∥
Hp

}
φp

l (N) := ı́nf
|A|≥N

{∥∥∑
n∈A

n−s∥∥
Hp

}
,

We denote φp
u,E(N) and φp

l,E(N), the super-democracy functions (signed).

Theorem 1.
The fundamental functions of the canonical basis B = {n−s} for Hp satisfy:

1. If p = 1,
φ1

l (N) ≈ φ1
l,E(N) ≈ log(N), φ1

u(N) ≈ φ1
u,E(N) ≈ N

1
2 .

2. If 1 < p <∞,
φp

l (N) ≈ φp
l,E(N) ≈ Nḿın

{
1
2 , 1

p′

}
, φp

u(N) ≈ φp
u,E(N) ≈ Nmáx

{
1
2 , 1

p′

}
.

3. If p =∞,
φ∞

l (N) = N y φ∞
l,E(N) ≈ N

1
2 , φ∞

u (N) = φ∞
u,E(N) = N.

Remark 1.

• if p = 2: φ2
l,E(N) ≈ φ2

l (N) ≈ φ2
u(N) ≈ φ2

u,E(N) ≈ N 1
2 .

• if p =∞: φ∞
l (N) = φ∞

u (N) = N.
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{
1
2 , 1

p′

}
.

3. If p =∞,
φ∞

l (N) = N y φ∞
l,E(N) ≈ N

1
2 , φ∞

u (N) = φ∞
u,E(N) = N.

Remark 1.

• if p = 2: φ2
l,E(N) ≈ φ2

l (N) ≈ φ2
u(N) ≈ φ2

u,E(N) ≈ N 1
2 .

• if p =∞: φ∞
l (N) = φ∞

u (N) = N.

Silvia Lassalle (UdeSA - CONICET) Fundamental functions 10 / 16



Asymptotic estimates of the fundamental functions for B = {n−s} in Hp

φp
u(N) := sup

|A|≤N

{∥∥∑
n∈A

n−s∥∥
Hp

}
φp

l (N) := ı́nf
|A|≥N

{∥∥∑
n∈A

n−s∥∥
Hp

}
,

We denote φp
u,E(N) and φp

l,E(N), the super-democracy functions (signed).

Theorem 1.
The fundamental functions of the canonical basis B = {n−s} for Hp satisfy:

1. If p = 1,
φ1

l (N) ≈ φ1
l,E(N) ≈ log(N), φ1

u(N) ≈ φ1
u,E(N) ≈ N

1
2 .

2. If 1 < p <∞,
φp

l (N) ≈ φp
l,E(N) ≈ Nḿın
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{
1
2 , 1

p′

}
, φp

u(N) ≈ φp
u,E(N) ≈ Nmáx
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Asymptotic estimates of the fundamental functions for Bλ = {e−λns} in Hλ
p

φp,λ
u (N) := sup

|A|≤N

{∥∥∑
n∈A

e−λns∥∥
Hλ

p

}
φp,λ

l (N) := ı́nf
|A|≥N

{∥∥∑
n∈A

e−λns∥∥
Hλ

p

}
,

We denote φp,λ
u,E(N) and φp,λ

l,E (N), the super-democracy functions (signed).

Theorem 2.
The fundamental functions of the canonical basis B = {e−λns} for Hλ

p satisfy:
1. Si p = 1,

log(N) ≲ φ1,λ
l,E (N) ≤ φ1,λ

l (N) ≲ N
1
2 , φ1,λ

u (N) ≈ φ1,λ
u,E(N) ≈ N

1
2 .

2. Si 1 < p ≤ 2,
N

1
p′ ≲ φp,λ

l,E (N) ≤ φp,λ
l (N) ≲ N

1
2 , φp,λ

u (N) ≈ φp,λ
u,E(N) ≈ N

1
2 .

3. Si 2 < p <∞,

φp,λ
l,E (N) ≈ φp,λ

l (N) ≈ N
1
2 , N

1
2 ≲ φp,λ

u (N) ≈ φp,λ
u,E(N) ≲ N

1
p′ .

4. Si p =∞,

N
1
2 ≲ φ∞,λ

l,E (N) ≤ φ∞,λ
l (N) = N φ∞,λ

u (N) = φ∞,λ
u,E (N) = N.
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Special types of frequencies

Q-linearly independent frequencies.
If λ is Q-linearly independent, then we have, with equivalent norms:

Hλ
p = Hλ

2 for all 1 ≤ p <∞ and

Aλ
∞ = ℓ1.

Carando–Defant–Marceca–Schoolmann (2021) and Schoolmann (2020).

Lacunary frequencies.
If λ is a lacunary frequency, (there exists L > 1 such that λn+1

λn
≥ L for all n) then we

have, with equivalent norms:

Hλ
p = Hλ

2 for all 1 ≤ p <∞ and

Aλ
∞ = ℓ1,

Then in both cases we have

• for 1 ≤ p <∞: φp,λ
l,E (N) ≈ φp,λ

l (N) ≈ φp,λ
u (N) ≈ φp,λ

u,E(N) ≈ N 1
2 .

• if p =∞: φ∞,λ
l,E (N) = φ∞,λ

l (N) = φ∞,λ
u (N) = φ∞,λ

u,E (N) = N
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Frequencies containing arbitrarily long arithmetic progressions.
For every positive integer k, there exist integers a and d such that

{a, a + d , a + 2d , . . . , a + (k − 1)d} ⊆ {λn}.

This case includes λn = n (Fourier series), λn = log(n) (ordinary Dirichlet series),
and examples like:

λ := {log n : n = pα, αj ≤ j}.

Theorem
All democracy functions and super-democracy functions grow as in the case of ordinary
Dirichlet series, that is, as in Theorem 1.

Extracted from Theorem 2.
• For 2 < p <∞ the behavior obtained is:

φp,λ
l,E (N) ≈ φp,λ

l (N) ≈ N
1
2 , N

1
2 ≲ φp,λ

u (N) ≈ φp,λ
u,E(N) ≲ N

1
p′ .

Proposition (intermediate behaviors)
For every p > 2 and every 1

2 < t < 1
p′ there exists a frequency λ such that

φp,λ
u (N) ≈ φp,λ

u,E(N) ≈ Nt .
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Properties of a basis B related to greedy algorithms (C > 0)

⋇ B is C-democratic if for every pair of finite sets A, B ⊂ N with |A| ≤ |B|, we have

∥1A∥ ≤ C∥1B∥.

⋇ B is C-superdemocratic if for every pair of finite sets A, B ⊂ N with |A| ≤ |B|, and
for every ε ∈ E and ε̃ ∈ EB , we have

∥1ε,A∥ ≤ C∥1ε̃,B∥.

⋇ B is C-suppression unconditional for constant coefficients (C-SUCC) if for every
pair of finite sets A ⊂ B ⊂ N, we have

∥1ε,A∥ ≤ C∥1ε,B∥.

• Unconditionality and democracy do not imply one another (see Temlyakov, 2011)

• Idem for SUCC and democracy (Albiac–Ansorena–Berná–Wojtaszczyk, 2021).
• Unconditionality =⇒ SUCC.
• Super-democracy ⇐⇒ democracy + SUCC ([AABW], 2021).
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Democracy and fundamental functions
Given a basis B
• B is democratic if and only if φl(N) ≈ φu(N).
• B is superdemocratic if and only if φl,E(N) ≈ φu,E(N).

(the functions are asymptotically equivalent)

Now, Remark 1 reads as follows:
For B = {n−s} in Hp,
• B is democratic if and only if p = 2 or p =∞.
• B is superdemocratic if and only if p = 2.

Theorem (λ a frequency)
The basis B = {e−λns} of Hλ

p is SUCC if and only if it is superdemocratic.
Moreover, when this holds, we have

φp,λ
l,ε (N) ≈ N1/2 ≈ φp,λ

u,ε (N) for 1 ≤ p <∞,

or
φ∞,λ

l,ε (N) ≈ N = φ∞,λ
u,ε (N).
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• B is democratic if and only if p = 2 or p =∞.
• B is superdemocratic if and only if p = 2.

Theorem (λ a frequency)
The basis B = {e−λns} of Hλ

p is SUCC if and only if it is superdemocratic.
Moreover, when this holds, we have

φp,λ
l,ε (N) ≈ N1/2 ≈ φp,λ

u,ε (N) for 1 ≤ p <∞,

or
φ∞,λ

l,ε (N) ≈ N = φ∞,λ
u,ε (N).

Silvia Lassalle (UdeSA - CONICET) Fundamental functions 15 / 16



Theorem
Let λ be a frequency containing arbitrarily long arithmetic progressions.
Then, B = {e−λns} in Hλ

p is SUCC if and only if p = 2.

'

&

$

%

greedy ⇐⇒ quasi-greedy + unconditionality
⇓ ∥

almost greedy ≡ semi-greedy ⇐⇒ quasi-greedy + democracy
⇓

nearly uncontitional (Elton)
⇕

quasi-greedy for largest coeff.
⇓

SUCC

The above result says that for λ a frequency containing arbitrarily long arithmetic
progressions, B = {e−λns} in Hλ

p enjoys any of the greedy-type property above if and
only if p = 2.
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