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Definitions

If U is an open set on a Banach space X we say that f : U → C
is holomorphic if:

For all x0 ∈ U there are continuous homogeneous polynomials
(Pm)m such that

f(x) =

∞∑
m=0

Pm(x− x0)

uniformly in some neighborhood of x0 contained in U .

Pm is a continuous m-homogeneous polynomial if there is a
continuous m-linear mapping Lm/ Pm(x) = Lm(x, . . . , x), ∀x.

Equivalent definition

f is continuous and for x0 ∈ U , x ∈ X, the map λ 7→ f(x0 + λx)
is holomorphic in some neighborhood of 0.
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Au(BX)

Au(BX) = {f : BX → C unif. continuous and holomorphic}.

It is a Banach space with the norm

∥f∥ = sup
x∈BX

|f(x)|.

The functions f ∈ Au(BX) extend continuously to BX : so,
there exists f(x) for x ∈ SX .

Au(BX) is a Banach algebra:

∥f · g∥ ≤ ∥f∥∥g∥.
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Spectrum

The maximal ideal space or spectrum of the algebra Au(BX) is
the set

M(Au(BX)) = {φ ∈ Au(BX)′ : φ is multiplicative} \ {0}.

For φ ∈ M(Au(BX)) and f ∈ Au(BX),

φ(1 · f) = φ(1) · φ(f) and φ(fn) = φ(f)n.

Then, ∥φ∥ = 1. Consequently, for all φ, ψ ∈ M(Au(BX)),

∥φ− ψ∥ ≤ 2.

In the spectrum M(Au(BX)) we consider the w∗-topology
inherited from Au(BX)′. With this topology, M(Au(BX)) is a
compact set.
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Gleason parts

For φ, ψ ∈ M(Au(BX)),

∥φ− ψ∥ = sup{|φ(f)− ψ(f)| : f ∈ Au(BX), ∥f∥ ≤ 1}.

The Gleason part containing φ is:

GP(φ) = {ψ ∈ M(Au(BX)) : ∥φ− ψ∥ < 2}.

Gleason parts split M(Au(BX)) into equivalent classes.
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Gleason parts

There is an equivalent definition of Gleason parts through the
pseudo-hyperbolic distance:

ρ(φ,ψ) = sup{|φ(f)| : f ∈ Au(BX), ∥f∥ ≤ 1, ψ(f) = 0}.

The pseudo-hyperbolic distance is related to the metric of the
spectrum:

∥φ− ψ∥ =
2− 2

√
1− ρ(φ,ψ)2

ρ(φ,ψ)
.

This implies ∥φ− ψ∥ < 2 ⇐⇒ ρ(φ,ψ) < 1. Hence,

GP(φ) = {ψ ∈ M(Au(BX)) : ρ(φ,ψ) < 1}.
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Motivation

The study of Gleason parts is motivated by the search of
analytic structure in the spectrum.

If U is an open convex set in a Banach space Y , we say that
Φ: U → M(Au(BX)) is an analytic inclusion if it is injective
and for any f ∈ Au(BX) the mapping

U → C
y 7→ Φ(y)(f)

is holomorphic.
As a consequence of Schwarz’ lemma we have

The image of an analytic inclusion Φ is contained in a single
Gleason part.
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The study of Gleason parts for maximal ideal spaces of algebras
of holomorphic mappings began with the elaborated description
of the Gleason parts for the spectrum of H∞(D), done by
Kenneth Hoffman in 1967.

Andrew Gleason Kenneth Hoffman
(1921-2008) (1937-2008)
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Fibers

Since X ′ is naturally embedded in Au(BX), there is a surjective
linear map

π : M(Au(BX)) → BX′′

φ 7→ φ
∣∣
X′

The fiber over z ∈ BX′′ is given by

Mz := {φ ∈ M(Au(BX)) : π(φ) = z} = π−1(z).

Through the canonical extension to the bidual f ⇝ f̃ we can
consider evaluation homomorphisms δz in M(Au(BX)) for all
z ∈ BX′′ : δz(f) = f̃(z).
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Fibers and Gleason parts

Fibers and Gleason parts produce two different partitions of the
spectrum. We are interested in their interaction.

Proposition (ADLM)

• GP(δ0) = GP(δz) for all z ∈ BX′′ .

• GP(φ) ̸= GP(ψ) whenever φ ∈ Mz, ψ ∈ Mw and z ∈ BX′′ ,
w ∈ SX′′ .

A typical procedure to define elements of the spectrum is to
consider w∗-limits of evaluations.

Proposition (ADLM)

If φ = w∗ − lim δzα with ∥zα∥ ≤ r < 1 then φ ∈ GP(δ0).
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• (Aron, Falcó, Garćıa, Maestre, 2018) There is a copy of Bℓp

in M0 ∩ GP(δ0).

The goal of this talk is to show how to construct
homomorphisms in fibers over interior points belonging to
different Gleason parts than GP(δ0).



Gleason parts for M(Au(Bℓp))

Now we focus on M(Au(Bℓp)) with 1 < p <∞.

Some known facts

• (Farmer, 1998) For each z ∈ Sℓp , Mz = {δz} = GP(δz).
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• (Aron, Falcó, Garćıa, Maestre, 2018) There is a copy of Bℓp

in M0 ∩ GP(δ0).

The goal of this talk is to show how to construct
homomorphisms in fibers over interior points belonging to
different Gleason parts than GP(δ0).



Gleason parts for M(Au(Bℓp))

Now we focus on M(Au(Bℓp)) with 1 < p <∞.

Some known facts

• (Farmer, 1998) For each z ∈ Sℓp , Mz = {δz} = GP(δz).
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Since en
w→ 0 in ℓp, if φ is a w∗-accumulation point of {δen},

then φ ∈ M0.

Now, take an integer k > p and consider the k-homogeneous
polynomial P ∈ P(kℓp):

P (x) =
∞∑
j=1

xkj .

Note that ∥P∥ = 1, P (0) = 0 and P (en) = 1 for all n.

Then, φ(P ) = 1 and δ0(P ) = 0.

Thus, ρ(φ, δ0) = 1 meaning that GP(φ) ̸= GP(δ0).
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Now, writing N as a disjoint union of infinite subsets we obtain
a sequence of homomorphisms, all in the fiber over 0 but on
different Gleason parts.
This happens to be an interpolating sequence and so its
w∗-closure is homeomorphic to β(N) (the Stone-Čech
compactification of N) which has cardinal 2c.
We manage to prove that two homomorphisms of this set
belong to different Gleason parts thus obtaining:

Theorem (DLM)

What about other fibers?
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In (DLM) we could prove the same result only in the case p ∈ N.
First we use that T (z) = (cnzn)n, with |cn| = 1 for all n, is an
onto isometry in ℓp. And through another result from (ADLM)
we know that in this case Mz and MT (z) are isometric. So, it is
enough to consider fibers over z ∈ Bℓp with zn ≥ 0 for all n.
Now, for each n, let an > 0 such that ∥z + anen∥ = 1 and define
φ to be a w∗-accumulation point of {δz+anen}.
Hence, φ ∈ Mz. Since p ∈ N we can consider de p-homogeneous
polynomial P (x) =

∑∞
j=1 x

p
j which satisfies ∥P∥ = 1, P (0) = 0

and φ(P ) = 1. Thus, GP(φ) ̸= GP(δ0) = GP(δz).
A little more involved arguments than before yields:

Proposition (DLM)
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Gleason parts for M(Au(Bℓp))

The condition of p ∈ N seems to be artificial...
In (CDR) we looked again at this problem and could skip this
restriction by a new approach.
The change of focus lies on the following result about norm of a
product of homogeneous polynomials:

Lemma (Carando, Pinasco, Rodŕıguez, 2013)

Let R ∈ P(lℓp) and Q ∈ P(kℓp) that depend on different
variables. Then,

∥RQ∥ = ∥R∥∥Q∥
(

llkk

(l + k)l+k

) 1
p

.
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Let 1 < p <∞. We begin by considering z ∈ Bℓp such that
supp(z) ⊆ {1, . . . ,m} and ∥z∥p ∈ Q.

Since ∥z∥p ∈ Q ∩ (0, 1) there exist k, l ∈ N such that k ≥ p and

∥z∥p = l

l + k
.

Denoting s = (1− ∥z∥p)1/p we have sp = k
l+k .

Note that if n > m, ∥z + sen∥ = 1 and
φ ∈ w∗ − ac{δz+sen : n > m} belongs to Mz.

Choose z′ ∈ Sℓp′/ supp(z′) ⊆ {1, . . . ,m} and z′(z) = ∥z∥.

Define R ∈ P(lℓp) and Q ∈ P(kℓp) by

R(x) = (z′(x))l and Q(x) =
∑
i>m

xki .

Then, ∥R∥ = ∥Q∥ = 1.
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Now we consider the polynomial P ∈ P(l+kℓp) given by

P (x) = R(x)Q(x)

(
(l + k)l+k
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Note that R and Q depend on different variables, so
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Recall that φ ∈ w∗ − ac{δz+sen : n > m} and φ ∈ Mz.

Also, for n > m,

P (z + sen) = R(z)Q(sen)

(
(l + k)l+k
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) 1
p

= 1.

Then φ(P ) = 1 and δz(P ) = 0. Hence, GP(φ) ̸= GP(δz).

Recall that this was for z ∈ Bℓp such that supp(z) ⊆ {1, . . . ,m}
and ∥z∥p ∈ Q.
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Gleason parts for M(Au(Bℓp))

Now we consider a general z ∈ Bℓp .

By Dirichlet’s approximation theorem, there exist sequences
(kj), (lj) ⊂ N such that

lj
lj + kj

→
j→∞

∥z∥p and (lj + kj)∥z∥p − lj →
j→∞

0.

Also, multiplying kj and lj by some fixed number if necessary,
we may suppose kj ≥ p for all j. We denote by πn(z) the
projection of z to its n first coordinates.

Take φ ∈ w∗ − ac{δπn(z)+sen+1
: n ∈ N}.

Due to πn(z) + sen+1
w→ z, we have φ ∈ Mz.

Computations are more intricate here but we could define a
sequence of polynomials (which are product of polynomials
depending on different variables) to deduce GP(φ) ̸= GP(δz).
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Gleason parts for M(Au(Bℓp))

The set

M(Au(Bℓp)) \ {δz : z ∈ Bℓp}
w∗

is called the corona.

The famous Carleson’s corona theorem states that the corona is
empty for the algebra H∞(D).

It is not known if the corona is empty for Au(Bℓp).

We could prove that the Gleason parts constructed in the
previous theorem are singleton when restricted to the
non-corona part of the spectrum.

Proposition (DLM)
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¡Muchas gracias!


