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Contractivity

Definition
Alinearmap T : X — Y between normed spaces is said to be
contractive if |T|| < 1, that is,

foreveryx e X ||Tx|| < ||x|| .
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Contractivity

Definition
Alinearmap T : X — Y between normed spaces is said to be
contractive if |T|| < 1, that is,

foreveryx e X ||Tx|| < ||x|| .

Example

If1 <p<gqg<ooand pis a probability measure, the identity
L,(1) — Ly(p) is contractive: by Hélder’s inequality

Fllz, = - 1z, < WFllz, 1]z = Wz,
+ 1

1_1
wherep_q
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Hypercontractivity

Example

If1 <p<gqg<ooandpis a probability measure, the identity
Ly(p) — L,(p): by Holder’s inequality

HfHL,, = IHL,, = HfHLq H1||L,(u) = Hf”Lq

1 _ 1
where;— + 5.

1
q
Definition |
If1 <p<gqg<ooand uis a probability measure, a contractive operator
“going the other way”

T: Ly(p) = Lg(p)
is said to be hypercontractive.
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The Boolean cube

Definition |
Given n € N, the Boolean cube of dimension n is {—1,1}", that is,

the set of vectors x = (xi,...,x,) such thatx; = +1forallj=1,...,n.
Definition

By L,({—1, 1}") we mean the L, space associated to the uniform
measure on {—1, 1}".

Note

For a fixed n these are all equal as vector spaces, i.e. the set of
complex-valued functions f : {—1,1}" — C, that is, C{=11}" = C?".
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The noise or bit-flip operator

For § € [—1, 1], given an n-bit string x € {—1, 1}" define the distribution
y ~s x as follows: independently, each bit of y is equal to the
corresponding bit of x with probability 1/2 + §/2, and the bit is flipped
with probability 1/2 — §/2.

Definition

The noise operator 77 : C{-11}" — c{=1.1}" is given by

(T51)(x) = Eysf (¥)
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The noise or bit-flip operator

For § € [—1, 1], given an n-bit string x € {—1, 1}" define the distribution

y ~s x as follows: independently, each bit of y is equal to the

corresponding bit of x with probability 1/2 + §/2, and the bit is flipped

with probability 1/2 — /2.
Definition

The noise operator 77 : C{-11}" — c{=1.1}" is given by

(T51)(x) = Eysf (¥)

Hypercontractivity (Carlen—Lieb 1993)

fl<p<g<ooand0<j<,/E=, then

|75 : L,({—1,1}") = L,({-1,1}")]| < 1
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Understanding T}

Definition
The noise operator 7} : C{-11} — c{=11} s given by

(T5) (%) = Eympuf ()

@ Since T} is linear, it suffices to understand what it does on a basis.
o If fy = (1,1), clearly Tify = fo.
o Iffi = (—1,1), thatis, fi(—1) = =1 and fi(1) = 1:

» When x =1,

Py=1)=1/2+4/2andP(y =—-1) =1/2-6/2, so
(Tsh)(1) = (1/2+6/2) = (1/2-6/2) =&
» When x = —1,
Py=-1)=1/2446/2andP(y=1)=1/2—-§/2 so
(T3fi)(=1) = =(1/2+6/2) + (1/2 = 6/2) = =0
Thus, Tifi = dfi.
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Understanding T}

Definition
The noise operator 7} : C{=11} — c{=.1} is given by

(T5f) (%) = Eynssf (7)

Recall we calculated

fOZ(l)l)a Nil :(*171)
Tsfo = fo. Tsfi = 0fi

For an arbitrary f € C{=11} writing f = cofy + c1/i yields
Tif = cofo + c16fi = 6f + (1 = )cafy
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Understanding T}

Definition
The noise operator 7} : C{=11} — c{=.1} is given by

(T5f) (%) = Eynssf (7)

Recall we calculated

fOZ(l)l)a Nil :(*171)
Tsfo = fo. Tsfi = 0fi

For an arbitrary f € C{=11} writing f = cofy + c1/i yields
Tsf = cofo + c1dfi = 8f + (1 — 8)cafo
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Hypercontractivity, n = 1

2-point inequality (Bonami 1970, Gross 1975, Beckner 1975)

fl<p<g<oocand0<§< then

|75 : L,({—1,1}) = Ly({-1,1})|| <
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Hypercontractivity, n = 1

2-point inequality (Bonami 1970, Gross 1975, Beckner 1975)

fl<p<g<oocand0<§< then

|75 : L,({—1,1}) = Ly({-1,1})|| <

Usual strategy of proof for the general hypercontractivity
@ Start withn = 1.

@ Use an inductive argument.
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The “tensor product trick”

Crucial observation
Because each bit is flipped independently,

T5 : ci-u1" , -1
can be identified with

(T (CH)* - ()
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The “tensor product trick”

Crucial observation
Because each bit is flipped independently,

T : ci-u1" , -1
can be identified with
(T(%)@n . (C{_l’l})®” N (C{—l,l})@m
A dream
Given 1 < p < g < oo and operators
Ty Ly(u) = Lg(1),  Ta:Lyp(p2) = Le(wa),
do we have

|71 @ Ty ¢ Lp(p1 X p2) = Lg(r X wo)|| < 1l 17217
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Tensor products of normed spaces

Given two normed spaces X and Y, there are many possible norms on
X ® Y which are compatible with the original norms.

Definition |

A tensor norm « is an assignment, for every pair of normed spaces X
and Y, of a norm a on X ® Y such that:

@ Foranyxe X,ye Y wehave a(x®y) = x| ||y

@ Foreveryx € X',y €Y' we have
¥ ®Y : X®a ¥ = K| = ||| [Il]-

@ |t satisfies the metric mapping property: for any operators
T1:X1—>Y1, T :X— Y

we have

ITi® T2 : X1 ®a X2 = Y1 ®a Va|| < |IT1|| | T2]-
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The smallest tensor norm ¢

Foru € X ® Y we define
e(w) = sup {|( @)l = &' Xy eV |l¥|| Y] < 1}
Which means we have isometric embeddings

X®:.Y = LX,Y), X®:Y< LY, X)

J.A. Chavez-Dominguez (OU) Hypercontractivity on Boolean cubes June 18, 2025

11/31



The smallest tensor norm ¢

Foru € X ® Y we define
e(w) = sup {|( @)l = &' Xy eV |l¥|| Y] < 1}
Which means we have isometric embeddings

X®:.Y = LX,Y), X®:Y< LY, X)

Example: ¢2 .Y = (2 (Y)
Write u = 377 ¢; ®y;, then

e(u)=||T,: 01 = Y|

where T,,((a))j_,) = >_/_; @jyj> O ||Tul| = maxi<j<n [|jll-
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The largest tensor norm =

For u € X ® Y we define

m m
() = inf { S sl : meXyeru=Yx @y,}
=1

J=1

which means that the unit ball Bxg_y is the absolutely convex hull of
Bx ® By.

J.A. Chavez-Dominguez (OU) Hypercontractivity on Boolean cubes June 18, 2025 12/31



The largest tensor norm =

For u € X ® Y we define

m m
() = inf { S sl : meXyeru=Yx @y,}
=1

J=1

which means that the unit ball Bxg_y is the absolutely convex hull of
Bx ® By.

Example: ¢f @, Y = ({(Y)

The unit ball of ] is the absolutely convex hull of {e;}?_;, hence the
unit ball of / ® Y is the absolutely convex hull of
{ei@y : 1 <j<n,ly|| <1}, and that is precisely the unit ball of £}(Y).
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A first multiplicativity result

Proposition
Given operators

. m . m
T1.€1]—>€oé, Tz.fl —>€O§,

we have
|71 @ Ty : £ — 222" || < ||T | || T2l
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A first multiplicativity result

Proposition
Given operators

legrln _)Erorg’ Tz:f’ln—)fgg,
we have
|71 @ To 2 7™ — £33™2|| < ||Ta || | T2
Proof
['1””2 T1®T2 e,go]mz
gnl ®7r gi’lz €m1 ®7r Emz *>-£m1 ® ng
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The Chevet-Saphar tensor norms

Definition (Chevet 1969, Saphar 1972)
For 1 < p < o0, there is a tensor norm d,, such that the map
eRxRf Ry (e, )xRy

gives a quotient
(U R X)@rlp(Y) - X®a,Y

Properties

@ L,(11)®4q,Ly(2) = Lp(p1 % p12) via the formal identity.
@ For any normed spaces X and Y and 1 < p < ¢ < oo,

|X ®4, Y = X ®q, Y| <1
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The general multiplicativity result

Proposition
Given 1 < p < g < oo and operators
Ty :Ly(m) = Lg(n1),  Ta:Lp(p2) — Ly(va),
we have
|71 ® T2 : Ly (11 x p2) = Lo(vy x vo)|| < |ITh | || T2

Proof

T\QT

Ly(p1 X p2) Ly(v1 X 1n)

! |

Ly (11) 84, Lp(12) 77 Lg(11)®a, Ly (v2) — Ly (1) @4, Lg(12)

v
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From the classical to the quantum world

The change (from a naive mathematical point of view)

Replace vectors by matrices

x1 O

0 X2
X = (x1,...,x,) +— diag(x):= | .

0 O
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From the classical to the quantum world

The change (from a naive mathematical point of view)

Replace vectors by matrices

x1 O

0 X2
X = (x1,...,x,) +— diag(x):= | .

0 O

Noncommutative ¢, spaces
Note that
Ixllgy = lldiag(x)]lg,

where §; denotes the Schatten p-norm.

Xn
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A Quantum Information dictionary

Classical Quantum
Finite set X Fin. dim. Hilbert space H
|X]| dimH
X1 X X5 H ® Hy
f:Xx—-C A€ L(H)
f:X—>R AeL(H),A=A"
f>0 A>0
S ex/ @) tr(A)
Flley, = 2 eex ()] 1Alls, = tr(lAl)

1l = (Seex FP) "

lAlls, = tr(lal?)/7
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The quantum Boolean cube

Classical Quantum
{—1,1} C?
{-1,1}" (e =c”
ci-hu L((C*)®") = L(C?)*" = My" = Mo
D oxe (-1, ()] tr(|A[)
(£ Sy r0r) " (% ()"
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The quantum Boolean cube

Classical Quantum
{—1,1} C?
{-1,1}" (e =c”
ci-hu L((C*)®") = L(C?)*" = My" = Mo
D oxe (-1, ()] tr(|A[)
(£ Sy r0r) " (% ()"

Denote 7, = 5 tr (normalized trace on M»), and L,(7,) the

corresponding “noncommutative L, space”.
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Quantum hypercontractivity ?

Proposition (“Noncommutative Holder”)
If1<p<q<o0,|Ly(ma) = Ly(ma)|| < 1.

Recall
T} :C? — C?is given by

(1) +f(=1)

Tif = 0f + (1 —9) >

(1,1)
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Quantum hypercontractivity ?

Proposition (“Noncommutative Holder”)
If1 <p<q<oo,||Ly(ra) = Ly(ra)|| < 1.

Recall
T} :C? — C?is given by

Tif = 0f + (1-9) 5

Definition (Montanaro-Osborne 2010)
Define T, 5 : My — M, by

T)5(A) = 6A+ (1 — 6)tr(2A)12

where I, € M, is the identity matrix.
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Quantum noise operator

Definition (Montanaro-Osborne 2010)
Define Té,5 : My — M, by

T} 5(A) = 6A + (1= 0)
where I, € M, is the identity matrix, and 77, ; = (T}, 5

tr(A)

I
)",

Quantum hypercontractivity (Montanaro-Osborne 2010)

=i
fl1<p<g<ooand0<d<,/t=, then
1755 : Lp(a) = Ly(m)|| <1
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Quantum noise operator

Definition (Montanaro-Osborne 2010)
Define Téﬁ : My — M, by
tr(A)

T} 5(A) = 6A + (1 - 6)

where I, € M, is the identity matrix, and 77 5 = (Téﬁ

L
)",

Quantum hypercontractivity (Montanaro-Osborne 2010)

—1
If1<p§q<ooand0§6§,/’;j,then
1755 : Lp(a) = Ly(m)|| <1

Proof
@ Case n = 1 reduces to T}.

@ The tensor product trick does not work, they gave a different
inductive argument.

J.A. Chavez-Dominguez (OU) Hypercontractivity on Boolean cubes June 18, 2025 20/31




Failure of multiplicativity
Fact
Given 1 < p < g < oo and operators
Ty : Syt — S, T : S;? — 82,
in general we do not have

T ® T2 : 3™ — Sg™|| < || Th]| | T2
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Failure of multiplicativity
Fact
Given 1 < p < g < oo and operators
Ty : Syt — S, T : S;? — 82,
in general we do not have

T ® T2 : 3™ — Sg™|| < || Th]| | T2

Example

Id, : M, - M,, T : M,, — M, transposition
then ||1d,|| = ||T|| = 1, but

Hldn QT :Mp — an” =n
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A different “operator norm”

Definition
Given T : M,, — M,,, its completely bounded norm is

1Tl = sup [Hdx @ T : My — Mia||
keN

J.A. Chavez-Dominguez (OU) Hypercontractivity on Boolean cubes June 18, 2025 22/31



A different “operator norm”

Definition
Given T : M,, — M,,, its completely bounded norm is

1Tl = sup [Hdx @ T : My — Mia||
keN

Proposition
Given
Ty : My, — My, Ty : M,, = My,,

we have
HTI QT : My, — MmlmZHCb < ”Tl ch HTZHCb-
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Operator spaces

Definition
Let H be a Hilbert space. A (concrete) operator space is a linear
subspace X C L(H), together with the norms on M, (X) defined via the
identification

M,(LH)=LH®---DH)
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Operator spaces

Definition
Let H be a Hilbert space. A (concrete) operator space is a linear
subspace X C L(H), together with the norms on M, (X) defined via the
identification

M,(LH)=LH®---DH)

Tyw Ty -+ Ty,
Ty T -+ T
Tnl Tn2 to Tnn
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Operator spaces

Definition
Let H be a Hilbert space. A (concrete) operator space is a linear
subspace X C L(H), together with the norms on M, (X) defined via the
identification

M,(LH)=LH®---DH)

Ty T - Tl |[x
Ty Ty -+ Tyl [x2
Ty Twp -+ Ty Xn
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Operator spaces

Definition
Let H be a Hilbert space. A (concrete) operator space is a linear
subspace X C L(H), together with the norms on M, (X) defined via the
identification

M,(LH)=LH®---DH)

Ty T - Tl |[x
Ty Ty -+ Tyl [x2
Ty Twp -+ Ty Xn

Fact

By results of Ruan and Pisier, there is a canonical way to do this for
the spaces S}, L, (7).
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General completely bounded maps

Definition
Let T: X — Y be a linear map. Its n-th amplification is the map
T, : M,(X) — M,(Y) given by applying T entrywise, i.e.

X1 X1z e Xin T(x11) T(xi2) -+ T(x1n)

. X1 X vt X T(x21) T(x22) -+ T(x2,)
n . . . -

Xnl Xn2 " Xmn T(an) T(an) t T(xl’ln)

With the identification M, (X) = M, ® X, we have T, = Id, ® T.

Definition
The completely bounded norm of alinearmap 7 : X — Y is

I, = sup [|Tic : Mi(X) — Mi(Y)|
keN
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Operator space tensor norms

Definition |
An operator space tensor norm « is an assignment, for every pair of
operator spaces X and Y, of an operator space structure c on X ® Y
such that:
@ (Technical compatibility conditions)
@ It satisfies the complete metric mapping property: for any

operators

T1:X1—>Y1, T :X— Y
we have

HTl RT: X1 Qa Xo — Y] Qa YZHCb < HTIH(:}) ||T2H(-,l) :
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Operator space tensor norms

Definition |
An operator space tensor norm « is an assignment, for every pair of
operator spaces X and Y, of an operator space structure « on X ® Y

such that:
@ (Technical compatibility conditions)
@ It satisfies the complete metric mapping property: for any

operators
T1:X1—>Y1, T :X— Y

we have

|71 ® T2 : Xi ®a X2 = Y1 ®a Yal| oy, < IT1ll e, 1 T2l -

@ There exist a smallest one (min) and largest one (proj).
@ Mn ®min X= Mn(X)7 Srll ®pr0j X= Srll(X)
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The Chevet-Saphar operator space tensor norms

Definition (CD 2016)
For 1 <p < oo, there is an operator space tensor norm d; such that for
any operator spaces X and Y the map

eRXRf®y— (e,flx®Yy
gives a complete quotient

(Sp"@minX)@prOjSp[Y} - X®d§Y

Properties
Q@ Su@gSp = Sp™ completely isometrically.
@ For any operator spaces XandYand 1 < p < g < oo,

HX@dg Y - X @ YH <1
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The Chevet-Saphar operator space tensor norms

Definition (CD 2016)

For 1 <p < oo, there is an operator space tensor norm d; such that for
any operator spaces X and Y the map
eRXVf®y > (e,f)x®Yy
gives a complete quotient
(Sp’@)minx)@pmjsp[ﬂ - X@’de

Properties
Q@ Su@gSp = Sp™ completely isometrically.
@ For any operator spaces XandYand 1 < p < g < oo,

HX@dg Y - X @ YH <1

We don’t know if the same is true for ch-norm.
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A weak multiplicativity result

Proposition (CD-Dimant-Galicer 2025)
Given 1 < p < g < oo and operators

Ti: S =S5, Ta:Sp— S,
we have
|71 ® T2 : S5 — g™ || < ([Tl (172,
Proof
sy s — S
| |
Sy Ray Sy 7= S ®ay Sy ——> St ®ay S
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(Complete) Positivity to the rescue

Definition

Alinearmap T : M,, — M,, is positive if it maps positive semidefinite
matrices to positive semidefinite matrices, and it is completely
positive if Idy, ® T : My, — My, is positive for all k € N.

Theorem (Devetak-Junge-King-Ruskai 2006)
IfT : M,, — M,, is completely positive and 1 < p < q < o, then

1T : S5 = Syl = 7= 55 = 81
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(Complete) Positivity to the rescue

Definition

Alinearmap T : M,, — M,, is positive if it maps positive semidefinite
matrices to positive semidefinite matrices, and it is completely
positive if Idy, ® T : My, — My, is positive for all k € N.

Theorem (Devetak-Junge-King-Ruskai 2006)
IfT : M,, — M,, is completely positive and 1 < p < q < o, then

1T : S5 = Syl = 7= 55 = 81

Luckily
For ¢ € [0,1], T}, s : Ma — M, is completely positive.
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Putting everything together

Completely bounded quantum hypercontractivity

If 1 <p<g<ooands=,/i=, then

1755 : Lp(Ta) = La(ma)|| 4, <
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Putting everything together

Completely bounded quantum hypercontractivity

If 1 <p<g<ooands=,/i=, then

15,5 : Lp(7a) = Ly(ma)|| 5, <

Note

This is stronger than Montanaro-Osborne, and the proof does use the
“tensor product trick”.

J.A. Chavez-Dominguez (OU) Hypercontractivity on Boolean cubes June 18, 2025 29/31



Shameless advertisement

Lecture Notes in Mathematics 2379

Javier Alejandro Chavez-Dominguez
Veronica Dimant
Daniel Galicer

Operator
Space Tensor
Norms

@ Springer

J.A. Chavez-Dominguez (OU) Hypercontractivity on Boolean cubes June 18, 2025 30/31



THANKS!

J.A. Chavez-Dominguez (OU) Hypercontractivity on Boolean cubes June 18, 2025 31/31



