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Momomial Expansion

E Banach space with 1-unconditional basis (e,), such that
{1 — E—l.

R a Reinhardt domain in E and F(R) a family of holomorphic
functions on R.

For each fin F(R) and z€ R, := RN C" we have

fz)= > an2"
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monF(R)=<zeR: Z laa 2| < oo all fe F(R)
aeNW)

Could also consider

fEF(R): > laaz’|<oo allzeR
acNM)
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Let f: U — C be a regular holomorphic function and a € U

fz2) =) Pulz—a)
k=0

Taylor series expansion of holomophic function about a with
each Py a regular k-homogeneous polynomial

r(f, a) radius of convergence of > ;° ) Px(z — a)

sup {r: Z Pk(z) converges on B(a, r)}
k=0

1
r(f,a) = (Iim sup \|Pm||r1n>

m—>00
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If E has a 1-unconditional basis then we also have the
monomial expansion of fabout a flz) = > cnm aa(z— a)®

We can consider the ball on which this series is absolutely
convergent

How are these two series expansions related? In particular, how
are the two radii of convergence related?
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|r|(f, a) radius of regular convergence of »"}° ; Px(z— a)

defined as the radius of convergence of
Ifl(z) = >0 | Pkl(z — a) about a

o0
sup {p ; Z |Px|(z — a) converges on B(a, p)}

k=0
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E Banach space with 1-unconditional basis (es)n
E Banach lattice with |(x5)n| = (|Xn|)n

Let P: E— K to an m—homogeneous polynomial with
associated symmetric m-linear mapping A.

Then

A(X1y .-y Xm Z Zx,l... A(eis- -, €i,)

pointwise as an iterated limit

Grecu & Ryan (2005)
This convergence is unconditional if and only if P is regular
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B, Ryan & Snigireva (2025)

Let U be open in a Banach space E with an 1-unconditional
Schauder basis. A function f: U — C be holomorphic. Then f
is regularly holomorphic if and only if, for every a € U, the
monomial expansion of f around a is absolutely convergent to f
in some neighbourhood of a.
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Theorem

B, Ryan & Snigireva (2025)

Let U be open in a Banach space E with an 1-unconditional
Schauder basis. A function f: U — C be holomorphic. Then f
is regularly holomorphic if and only if, for every a € U, the
monomial expansion of f around a is absolutely convergent to f
in some neighbourhood of a.

Moreover, the radius of absolute convergence of the monomial
expansion of fabout a is equal to |r|(f, a)
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Bohr (1914)
%o ckZ" is a power series on the unit disc centred at 0, with

i Cka
k=0

<1

for all z with |z| < 1 then

[e.e]
Z a| <1
k=0

for all z with |2] < }

Moreover, % is the optimal radius for which this inequality
holds.
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R a Reinhardt domain in C” the Bohr radius of R, K(R), is
defined as the supremum over all r > 0 such that if

e
(6%
is a power series on R with

Z CcoZ”

<1

for all zin R then

Y e <1

for all zin rR.
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The works of Aizenberg, Boas, Boas and Kavinson, and Dineen
and Timoney showed that there is a constant ¢, independent of
neNand 1< p< oo, such that

1/1 1= min(lp,2) log n 1= min(lpy2)
- | = S K(Bgn) S C .
C n P n
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Homogeneous Bohr Radius

Defant, Garcia & Maestre (2003)

Let X = (C", | - ||) with any norm for which the unit vector
basis is a 1-unconditional Schauder basis, define Ki,,(Bx) as the
supremum over all rin [0,1] such that if

Z CcaZ”
|al=m

is an m-homogeneous polynomial on X with

anza <1

|a|l=m

for all zin Bx then

Z lcaz¥| <1

|al=m

for all zin rBx
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Unconditional Basis Constant

E be a Banach space with an unconditional basis, (x,)n. The
unconditional basis constant of (x,)n, X((xn)n), is defined as
the infimum of C such that

[e.9]
Z EkkXk
k=1

where px € C and | =1

<C

o
3 e
k=1
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Bohr radius and Unconditional Basis Constant

Let X=(C",|| - ||) with any norm for which the unit vector
basis is a 1-unconditional Schauder basis.
Then Xmon(P("X)) denotes the unconditional basis constant of

the monomials in P(™X)
Lemma (Defant, Garcia & Maestre) (2003)
1
Y/ Xmon(P(mX))

Km(Bx) =
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Let X = (C",|| - ||) with any norm for which the unit vector
basis is a 1-unconditional Schauder basis then we may regard
P(™X) as a Banach lattice

If P(z) = Zm‘:m ca2™ is an m-homogeneous polynomial , the
absolute value of P'is given by |P|(2) = 3|, |cal 2

E be a complex Banach lattice and m be a positive integer.
Define the m-th Bohr radius of E, Kn(Bg) by

Km(Bg) := sup{p : sug [|1P|(2)| < ||P|| for all P € P(TE)}

zEpbE

— sup{p: p"||P]l, < | P| for all P P("E)}.
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Let E be a complex Banach lattice and U an open subset of E.
Let f- U— C be a regular holomorphic function and a € U.
Then,

liminf(Km(Bg))r(f, a) < [rl(f, a) < r(f, a).

Moreover, for each a € U, both the upper and lower bounds are
sharp.
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Theorem

B., Ryan & Snigireva (2025)
Let E be a complex Banach lattice and U an open subset of E.
Let f- U— C be a regular holomorphic function and a € U.
Then,

liminf(Km(Bg))r(f, a) < [rl(f, a) < r(f, a).

Moreover, for each a € U, both the upper and lower bounds are

sharp.

Corollary

If X is (C",|| - ||) with any norm for which the unit vector basis
is a 1-unconditional Schauder basis. Then

1
M sup oo ¥/ XmonP(™X)

r(f,a) < [r(f, a) < r(f, a).
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Schauder basis, then Defant, Galicer, Mansilla,Mastyto,Muro

show that
limsup ¥/ Xmon(P("X)) =1
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X is the finite dimensional Banach lattice (C", || - ||), with any
norm for which the unit vector basis is a 1-unconditional
Schauder basis, then Defant, Galicer, Mansilla,Mastyto,Muro

show that
limsup ¥/ Xmon(P("X)) =1
m—00
Theorem
B., Ryan & Snigireva (2025)
Let f be a holomorphic function on (C",|| - ||), with any norm

for which the unit vector basis is a 1-unconditional Schauder
basis. Then r(f,a) = |r|(f, a) for every a.
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This result is not true for real analytic functions on subsets of
Rn

Hayman (1970) shows that if x) = 22, Pk(x), where each
Py is a harmonic k-homogeneous polynomial, converges on the
polydisc {(x;)[_; : [xi| < r} in €2, then Y72 ;| Px| converges on
the polydisc {(x)"; : |xi| < r/v/2}

Moreover, an example is provided by Hayman shows that the
factor of r/v/2 is sharp



Using a result of Defant & Frerick (2011) we can show

«O>» «<Fr «=>»

« =

DA



Monoril Holomorphic Functions on ¢,

Convergence

C. Boyd

Using a result of Defant & Frerick (2011) we can show

Theorem

B., Ryan & Snigireva (2025)

Let 1 < p < oo. Then for each T € (0,1) there is a
holomorphic function f on By, with r(f,0) =1 and |r|(f,0) = T
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Using a result of Matos (1988)
e r(£,0) < |1l(£,0) < r(£,0)

for every holomorphic function fon /1 or By,



