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1 Introduction

We develop a model of monetary exchange in financial over-the-counter (OTC) markets and
use it to study some elementary questions in financial and monetary economics. Specifically, we
consider a setting in which a financial asset that yields a dividend flow of consumption goods
(e.g., an equity or a real bond) is traded by investors who have time-varying heterogeneous
valuations for the dividend. In order to realize the gains from trade that arise from their het-
erogeneous private valuations, investors participate in a bilateral market with random search
that is intermediated by specialized dealers who have access to a competitive interdealer market.
In the bilateral market, which has all the stylized features of a typical OTC market structure,
investors and dealers seek to trade the financial asset using fiat money as a medium of ex-
change. Periodically, dealers and investors are able to rebalance their portfolios in a frictionless
(Walrasian) market.

We use the theory to study the role that money and monetary policy play in shaping asset
prices and the performance of OTC markets. Since money is used as a payment instrument
in financial transactions, the quantity of real balances affects the equilibrium allocation of the
asset. Anticipated inflation reduces real balances and distorts the asset allocation by causing
too many assets to remain in the hands of investors with relatively low valuations. We find that
in a monetary equilibrium, the asset price is larger than the expected present discounted value
that any agent assigns to the dividend stream. The difference between the transaction price
and the highest individual valuation is a “speculative premium” which investors are willing
to pay because they anticipate capital gains from reselling the asset to investors with higher
valuations in the future. We show that the speculative premium and the asset price depend on
the market structure where the asset trades, e.g., both the premium and the price are increasing
in the effective bargaining power of investors in the OTC market, as captured by the product of
their trading probability and bargaining power in bilateral transactions with dealers. Monetary
policy also affects the speculative motives and the resulting speculative premium. Anticipated
inflation reduces the real money balances used to finance asset trading, which limits the ability
of high-valuation traders to purchase the asset from low-valuation traders. As a result, the
speculative premium and the asset price are decreasing in the rate of (expected) inflation. We
also use the model to study the effects of monetary policy on standard measures of financial

liquidity of OTC markets, such as the size of bid-ask spreads, the volume of trade, and the



incentives of dealers to supply immediacy, both by choosing to participate in the market-making

activity, as well as by holding asset inventories on their own account.

2 The model

Time is represented by a sequence of periods indexed by ¢t = 0,1,.... Each time-period is
divided into two subperiods where different activities take place. There is a continuum of
infinitely lived agents called investors, each identified with a point in the set Z = [0, 1]. There
is also a continuum of infinitely lived agents called dealers, each identified with a point in
the set D = [0,v], where v € R;. At the beginning of every period there is a continuum of
productive units (or trees) with measure A® € Ry . A typical tree, 4, yields an exogenous
quantity yi € {0,y} of a perishable consumption good at the end of the first subperiod of every
period t. We assume y € R, and refer to y} as the period-t dividend of tree i. The motion
of yi follows a Markov chain defined by Pr(ygﬂ =ylyi =y) = 7 and Pr(ygﬂ = ylyi = 0) =0,
where 7 € [0,1], with 3 = y for all i. Hence each tree yields the same dividend y unless
it “fails” (with probability 1 — 7) in which case it becomes permanently unproductive. (We
assume that failed trees physically disappear, e.g., they depreciate fully.) The time-t dividend
profile, i.e., the list 3} for all 4, becomes known to all agents at the beginning of period ¢, and
at that time each tree that fails is immediately replaced by a new tree that yields dividend
y in the initial period, and follows the same Markov process as other trees thereafter. In the
second subperiod of every period, every agent has access to a linear production technology that
transforms a unit of the agent’s effort into a unit of another kind of perishable homogeneous
consumption good.

Fach productive tree has outstanding one durable and perfectly divisible equity share that
represents the bearer’s ownership of the tree and confers him the right to collect the dividends.
At the beginning of every period ¢ > 1, each investor receives an endowment of (1 — 7) A® equity
shares corresponding to the new trees created in that period. When a tree fails, its equity share
disappears with the tree. There is a second financial instrument, money, which is intrinsically
useless (it is not an argument of any utility or production function, and unlike equity, ownership
of money does not constitute a right to collect any resources). The stock of money at time ¢ is
denoted A}". The initial stock of money, A € Ry, is given, and A}, = v A", with y € Ry .
A monetary authority injects or withdraws money via lump-sum transfers or taxes to investors

in the second subperiod of every period. At the beginning of period ¢t = 0, each investor is



endowed with a portfolio of equity shares and money. All financial instruments are perfectly
recognizable, cannot be forged, and can be traded among agents in every subperiod.

In the second subperiod of every period, all agents can trade the consumption good produced
in that subperiod, equity shares, and money, in a spot Walrasian market. In the first subperiod
of every period, trading is organized as follows: Investors and dealers can trade equity shares
and money in a random bilateral OTC market, while dealers can also trade equity shares and
money with other dealers in a spot Walrasian interdealer market. We use « € [0, 1] to denote the
probability that an individual investor is able to contact another investor in the OTC market.
Once the two investors have contacted each other, the pair negotiates a trade involving equity
shares and money. We assume that, with probability n € [0, 1], the terms of the trade are
chosen by the investor who values the equity dividend the most, and by the other investor with
complementary probability.! After the transaction has been completed, the investors part ways.
Similarly, we use ¢ € [0, min (v,1 — «)] to denote the probability that an individual investor is
able to make contact with a dealer in the OTC market. The probability that a dealer contacts
an investor is 6/v = K € [0,1]. Once a dealer and an investor have contacted each other, the
pair negotiates the quantity of equity shares that the dealer will buy from, or sell to the investor
in exchange for money. We assume that the terms of the trade between an investor and a dealer
in the OTC market are chosen by the investor with probability € € [0, 1], and by the dealer with
probability 1 — #. After the transaction has been completed, the dealer and the investor part
ways.2 The timing assumption is that the round of OTC trade between investors and dealers
takes place in the first subperiod of a typical period ¢, and ends before trees yield dividends.
Hence equity is traded cum dividend in the OTC market (and in the interdealer market) of the
first subperiod, but ex dividend in the Walrasian market of the second subperiod. We assume
that agents cannot make binding commitments, that there is no enforcement, and that histories
of actions are private in a way that precludes any borrowing and lending, so any trade must
be quid pro quo. This assumption and the structure of preferences described below create the

need for a medium of exchange.?

'In the event that both investors value the dividend the same, each gets selected to make a take-it-or-leave it
offer with equal probability.

?See Zhang (2012) for an OTC model with long-term relationships between investors and dealers.

3Notice that under these conditions there cannot exist a futures market for fruit, so an agent who wishes
to consume the fruit dividend must be holding the equity share at the time the dividend is paid. A similar
assumption is typically made in search models of financial OTC trade, e.g., see Duffie et al. (2005) and Lagos
and Rocheteau (2009).



All agents discount payoffs across periods with the same factor, § € (0,1). An individual
dealer’s preferences are given by o
Eg Z ﬁt<Ctd - htd)
t=0
where ¢4 is his consumption of the homogeneous good that is produced, traded and consumed
in the second subperiod of period ¢, and hyg is the utility cost from exerting h;q units of effort
to produce this good. The expectation operator Eg is with respect to the probability measure
induced by the dividend process and the random trading process in the OTC market. Dealers
get no utility from the dividend good.* An individual investor’s preferences are given by

o

Eo Z B (etiyes + cti — hai)
=0

where yy; is the quantity of the dividend good that investor ¢ consumes at the end of the first
subperiod of period t, ¢ is his consumption of the homogeneous good that is produced, traded
and consumed in the second subperiod of period t, and hy; is the utility cost from exerting hy;
units of effort to produce this good. The variable €;; denotes the realization of a preference shock
that is distributed independently over time and across agents, with a differentiable cumulative
distribution function G on the support [er,eq] C [0,00], and & = [edG (¢) < co. Investor
1 learns his realization €4 at the beginning of period ¢, before the OTC trading round. The
expectation operator Eg is with respect to the probability measure induced by the dividend

process, the investor’s preference shock and the random trading process in the OTC market.

3 Efficiency

Consider a social planner who wishes to maximize the sum of all agents’ expected discounted
utilities, subject to the same meeting frictions that agents face in the decentralized formulation.
Specifically, in the first subperiod of every period, the planner can only reallocate assets within
the pairs of the measure « of investors who have contacted each other directly, and among all
dealers and the measure § of investors chosen at random from the rest of the population. Let
B: C 7 denote the subset of investors who get a bilateral trading opportunity with another

investor in the OTC market of period ¢. For any i € By, let b(¢) € B; denote investor ¢’s partner

4This assumption implies that dealers have no direct consumption motive for holding the equity share. It is
easy to relax, but it is the standard benchmark in the literature, e.g., see Duffie et al. (2005) and Lagos and
Rocheteau (2009), Lagos, Rocheteau and Weill (2011), and Weill (2007).



in the bilateral meeting. Notice that |, 5, 4 = a is the measure of investors who have an OTC
meeting with another investor, and th [ii<p(iyydi = /2 is the total number of direct bilateral
transactions between investors in the OTC market. We restrict attention to symmetric alloca-
tions (identical agents receive equal treatment). Let ¢;p and hyp denote a dealer’s consumption
and production of the homogeneous consumption good in the second subperiod of period t. Let
¢ty (€) and hyy (¢) denote consumption and production of the homogeneous consumption good
in the second subperiod of period ¢ by an investor with idiosyncratic preference type . Let
a;p denote the beginning-of-period-t (before depreciation) equity holding of a dealer, and let
a}, denote the equity holding of a dealer at the end of the first subperiod of period ¢ (after
OTC trade). Let a;; denote the beginning-of-period-t (before depreciation and endowment)
asset holding of an investor. Finally, let a,;;(¢i, ;) denote the post-trade equity holding of an
investor ¢ with preference type ¢; who has a direct bilateral trade opportunity with an investor j
with preference type ¢, and let a;; denote a measure on F ([er, eg]), the Borel o-field defined on
ler,em]. The measure a}; is interpreted as the distribution of post-trade asset holdings among
investors with different preference types who contacted a dealer in the first subperiod of period

t. With this notation, the planner’s problem consists of choosing a nonnegative allocation,

o0
{&tD7az/sD7ctDa hiD, Gs1, ayr, [(Qn’b(i) (5ia5b(i))>‘ scer (&), hur (Ei)] } ()
i€B cieni)Elenenl ) 1—g
to maximize
%) cH
AL / eyal, (de) + / (1= — §) eyass + cur () — hur ()] dG () + vlewn — hap)
t=0 [SL,éH} €L
+ /5 / / Tii<n(iyy [5iQtib(i) (€is €0(i)) + Eb(i)@un(i)i (Evi)» 51‘)} ydG (g;) dG(ep(i) ) di
t
subject to
0] (Ei» Eb(i)) + Qyp(iyi (Eb(i)v Ei) < 2ay1 (2)
vagp + agy < A° (3)
vayp + 5/ ajr (de) < wayp + dagr (4)
ler,en]
EH €H
/ e (£)dG (2) + verp < / hor (€) G (£) + vhup (5)
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atp — WatD (6)
arr = magr + (1 —m) A®. (7)



Proposition 1 The efficient allocation satisfies the following three conditions for every t: (a)
arp = (A% — ayr)/v = A% /v, (b) Qyin(i) (ei,eb(i)) = H{ab(i)<€i}2at1 + I[{Eb(i):&}ao for all i € By,
with a® € [0,2ay], and (c) ay; (E) = I epy [1/6 + (1 — )] A, where Iy, cpy is an indicator
function that takes the value 1 if eg € E, and 0 otherwise, for any E € F ([er,en]).

According to Proposition 1, the efficient allocation is characterized by the following three
properties: (a) only dealers carry equity between periods, (b) in bilateral direct trades between
investors, all the equity shares are allocated to the highest valuation investor, and (¢) among
those investors who have a trading opportunity with a dealer, only those with the highest

preference type hold equity shares at the end of the first subperiod.

4 Equilibrium

We begin with the formulation of the individual dealer’s optimization problem during a typical
period. Let VP (a;) denote the maximum expected discounted payoff of a dealer who enters
the OTC round of period t with portfolio a; = (a}*,a$). Let W (a;) denote the maximum
expected discounted payoff of a dealer who is holding portfolio a; at the beginning of the second
subperiod of period ¢t. Let ¢}* be the real price of money, and ¢; be the real ex dividend price
of equity in the second subperiod of period ¢ (both expressed in terms of the second-subperiod

consumption good). Then,

WP (ar) = max [¢; — hy + BViE (ar41)] (8)

ct,he,atr1

st. ¢t + a1 < hy + Ppay,

~ 2
ct,he € Ry, appr € RY
_(~m ~5
ai+1 = (at+17 7Tat+1) )

where ¢; = (¢, ¢5), ary1 = (af%,a5,4), and ¢ a; denotes the dot product of ¢, and a;.
Let WtD (a¢) denote the maximum expected discounted payoff of a dealer with portfolio a;
in the first subperiod of period ¢, conditional on not having contacted an investor in the OTC

market. Since the unmatched dealer can still access the interdealer market,

WtD (ar) = max WtD (a;",ay) 9)
ay’,ag
s.t. al" + pal < al’ + piay,

NEPY
ag,a; € R-i—v



where p; is the dollar price of equity in the interdealer market of period t.

Next consider the situation of a dealer who enters the OTC round of trade of period ¢ with
portfolio a., and contacts an investor with portfolio a;; and preference type ¢ in the OTC
market. With probability 6 the terms of trade are determined by a take-it-or-leave-it offer by

the investor, and the resulting post-trade portfolios of the investor and the dealer are denoted

[a?*?(at% Qi €, ,l)bt)7 af* (ati7 Ay, €, ’l:bt)]
[agl(a'ti’ Qaiq, € /lzbt)a afi(ativ Qaiq, € /lzbt)]v
respectively, where ¥, = (1/p¢, ¢,). With probability 1 — 6 the terms of trade are determined

by a take-it-or-leave-it offer by the dealer, and the resulting post-trade portfolios of the investor

and the dealer are

[@;" (@i, arq, €5 ,), @; (@i, arg, €5,)]

[E?C}l(au, aid, €, ¢t)aa§*(a’tia a4, €;Y,)],

respectively.” We can now write the value function of a dealer who enters the OTC round of

trade of period ¢ with portfolio ay,
VvtD <atd) - "ig / WtD [agl(at% Qiq, €, ,l)bt)7afl (atia Qqt, €, ¢t)] dHt (ati7 E)

+ K (1 - 9)/WtD [Egﬁ(an, atd>5;wt)>afl*(ativ atd,ff;'l/)t)] dH; (atz’;E)

+ (1= r) WP (ara), (10)

where H; is the joint cumulative distribution function over the preference types and portfolios
held by the random investor whom the dealer may contact in the OTC market of period t.
We now analyze the investor’s problem in a typical period. Let V;! (a4, e) denote the
maximum expected discounted payoff of an investor who has preference type ¢ and is holding
portfolio ay; = (a?, a;) at the beginning of the OTC round of period ¢. Let W{ (a;) denote the

maximum expected discounted payoff of an investor who is holding portfolio a; at the beginning

’In what follows, we will sometimes use @y« to denote @% (@i, aia, €;,), @5y to denote @(ai, as, €;,), ete.



of the second subperiod of period ¢ (after the trees have borne dividends). Then,

W/ (a;) = max [ct — hy + ﬁ/V}il (at41,€") dG(€) (11)

ct,he,at41

st. ¢+ Qpap1 < hy + dpap + 1
¢y, hy € Ry, &tH € Ri

a1 = (am—bﬂ&f—s—l + (1 - 7T) As)7

where T; is the real value of the time-¢ lump-sum monetary transfer (tax, if negative). Since ¢ is
i.i.d. over time, W/ (a;) is independent of ¢ and the portfolio that each investor chooses to carry
into period ¢ + 1 is independent of €. Consequently, in what follows we can write dH; (a4, €) =
dF} (ay;) dG (g), where F is the joint cumulative distribution function of investors’ money and
equity holdings at the beginning of the OTC round of period-t.

Consider a bilateral meeting in the OTC trading round of period ¢, between an investor ¢
with portfolio a;; and preference type ¢;, and an investor j with portfolio a;; and preference
type €. Let 7 (gi,65) = nle; <,y + (1 —n) [e,<c;y + (1/2) I, —c, denote the probability that
the investor with preference type ¢; has the power to make a take-it-or-leave-it offer in a bilateral
trade with an investor with preference type ;. When investor ¢ makes the take-it-or-leave-it

offer to investor j, the resulting post-trade portfolios of investors i and j are denoted

[Q?’Z (ati7 Qaij,E&4,E5; ¢t> 7@?* (a’tia aij,€i,€5; wt)]
[Q;n (a5, ati, €5,€i3 ;) ;Qj (@15, ari, €5, €i39y)],

respectively. With probability 1 — 7 (¢;,¢;) the terms of trade are determined by a take-it-or-

leave-it offer by investor j, and the resulting post-trade portfolios of investors ¢ and j are

Q;n (a’ti7 atj7 Eiy 6]) ,libt) ’Qf (a’ti’ atj7 Eiy 6]) ,l/)t)]

[Q?z (a’tj7 A, €5, &4 ,ltbt) 7@;* (atj7 A, €4, 4 "/Jt)L

respectively.® We can now write the value function of an investor who enters the OTC round

5In what follows, we will sometimes use a’ to denote al¥ (asi,atj, i, €55 ,), a;; to denote
S .
a; (@), avis €5, €i39,), etc.



of period ¢ with portfolio a;; and preference type &;,

Vi (asi i) = 5/9{&3@& (ati, ara, €3 9y) +

W @ (ay, aa,ei3%y) @5 (@i, Gra, €53%,)] } dFP (aga)

+ 5/ (1= 0){eiy@; (avi, ata, ci3 ;) +

th [azm (@i, ata, €i; T/Jt) N (an', Qtq, €45 T/’t)]} dFtD (atd)

+04/77(5175j){5iyﬁf* (@1i, agj, €is €53 %) +

Wi @ (ay, auj,ei055,) , @ (aui, arj €iy€53,) ) dH, (a,€5)

+ a/ (1 =7 (eir e5)] {eiyai (avi, arj, €i €55 9,) +

th [ai" (ay, Qtj,Eis €55 V), a; (a, Qtj,Eiy €55 'l»bt)]} dH (atj,6j)

+(1—a—96) [ayal; + W/ (au)], (12)
where FP is the cumulative distribution function over portfolios held by the random dealer
whom the dealer may contact in the OTC market of period ¢. Next, we characterize the
outcomes of trades in the OTC and the interdealer markets.

The maximization problem (9) represents the portfolio problem of a dealer who did not

contact an investor in the OTC market of period t. The solution is summarized as follows:

Lemma 1 A dealer who enters period t with portfolio a; and does not contact an investor,
enters the second subperiod of period t with portfolio (4}, a3,) = (a'(as;,), a;(a ), given

by

=0 if poy" < 6 af + peaf’ if o} < 95
agg = €[00 +pai] if pedi” =¢f  and  ajy=q af + o (0" —agg) i pdy = @)
= a;" + paj if & < peoy” 0 if Of < pedi”s

and his mazximum expected discounted payoff is

W (ar) = ¢ (" + peay) + Wi” (0) (13)

where ¢ = max (9", 6} /py), and

WtD (0) max [ﬁvﬁl (a41) — ¢ta't+1] (14)

~ 2
Qi1 GRJr

~m ~8
s.t. apr = (afyq, mag, ).
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If pr@i* < ¢f, then a dealer who holds any cash in the interdealer market can use a dollar
to buy 1/p; equity shares, and the net return from this trade equals ¢§/p; (the real value of the
equities in the Walrasian market of the second subperiod of period t) minus ¢™ (the real cost
of the trading strategy), which is strictly positive. Hence, it is optimal for the dealer to sell off
all his cash for equity if p;@]* < ¢j. Conversely, if ¢7 < p:¢}", it is optimal for the dealer to sell
off any equity holdings he may have and carry only cash into the second subperiod of period ¢.

Consider the bargaining problem between an investor with preference type ¢ and portfolio
(a}?,af;) who contacts a dealer with portfolio (a}},ay;) in the OTC market of period ¢t. With
probability 6 the investor has the power to make a take-it-or-leave-it offer to the dealer. The
investor chooses his offer of post-trade portfolios for himself, (@}, aj;.), and for the dealer,
(ayy,a;;), by solving

max _ [eyas. + W/ (@, a5-)]

= m =S = m =S
Gpix Qi 1Oq A

s.t. @y +any + pt(ﬁfi* + Efd) <ay +ap;+ pt(afi + afd)
3D (=m — 27D
Wt (a?clh a’id) > Wt (a:Z?a?d)
EZL* 9 afz* 9 a%, afd E R+.
The first constraint requires that the combined value of the post-trade portfolios held by the
investor and the dealer cannot exceed the combined value of their pre-trade portfolios. The
second constraint is the dealer’s individual rationality constraint.
With complementary probability 1—6, the dealer has the power to make a take-it-or-leave-it

offer to the investor. The dealer chooses his offer of post-trade portfolios for himself, (a}}.,a;;.),

and for the dealer, (@}, ay;), by solving

_,, —Jnax _ WtD <a¥3* ’ afd*)

gy ;g Oy g

s.t. ap + ape + p(@g; + aly) < a4 apy + pe(ag; + aiy)
_ I /=m — I
eyay + Wy (@, a3;) > eyaj; + Wy (aif, a;)

a?;‘, Efl, EZ}* 9 afd* G R+
The first constraint requires that the combined value of the pre-trade portfolios is enough to
finance the post-trade portfolios. The second constraint is the investor’s individual rationality

constraint. The following result summarizes the outcome of the bargaining game between an

investor and a dealer.
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Lemma 2 Consider the bargaining problem between an investor i with portfolio (aj},af;) and

preference type €, and a dealer d with portfolio (a}y,ay;) in the OTC market of period t.

(¢) With probability 6 the investor chooses the terms of trade, and in this case the investor

exits the meeting with post-trade portfolio (ay,aj;«) given by

=0 ifef <e af;%%a{? ifef <e
Gy & €0,a + praj;] ife=¢ef and @l =< aj; + plt (afy —apl) ife=c¢;
= afi + pray; ife <ef 0 ife <&}
where
3/

The dealer’s portfolio (ayy,aj,;) that results from trading with the investor is given by

_ _ 1 _
ay; € 0,a5y 4+ prazy)  and @l =aj; + ;t (ap; —apy) -

(¢3) With probability 1 — 0 the dealer chooses the terms of trade, and in this case the investor

exits the meeting with post-trade portfolio (ay},as;) given by

=0 ifef <e afﬁ‘ﬁaﬁ ifef <e
a0t ife=<f  and a={ ay+i -y de=c
=a +pf(e)aj; ife<ef 0 ife < e
where
ey + &f ey + ¢}
e = | ——= = ) 16
i (€) (a;;‘y+¢§ 2 o (16)

The dealer’s portfolio (@, @; ) that results from trading with the investor is given by

< [0, afg + peagy + [P} (€) — pi] at(’)] ifer <e
Aig- € [0,al + prasy] ife =¢f
€ [0,a + pragy + [pe — pf (e)] ag]  ife <ef
and o
ajq+ 5 [atd +[p? (6) — pt) 55 ( ) —ap] ifef <e
Qug =\ fq T 5 1 - (ahy — Tige) ife =¢j

Ay + plt lagg + [pe — pf ()] af; —ayg.]  if e <ef.

To interpret the results in Lemma 2, observe that (15) defines the preference type of the
“marginal investor.” That is, investors with preference type ¢ < €} want to sell equity for cash,

investors with preference type € > ¢; want to buy equity with cash, and the marginal investors

12



with preference type ¢ = ¢ are indifferent between buying or selling equity, as they have no
gain from trading in the OTC market.” Consider an investor who has drawn preference type
¢ and meets a dealer in period t. If po}* < ey + ¢f, or equivalently, if ef < ¢, then the real
value of a dollar to the investor is ¢}* (the amount of general goods he can buy in the following
centralized market), which is smaller than (ey + ¢) /pt, namely the value to the investor of the
(cum-dividend) equity position that can be purchased with a dollar in the interdealer market.
Naturally, in this case the bargaining outcome is that the investor sells all his cash and uses it
to purchase equity, regardless of whether the dealer or the investor has the bargaining power.
Formally, in Lemma 2, @}, = aj; = 0 if f < ¢. Analogously, if € < €f, then the investor sells
all his equity for cash, both when he makes the offer, and when the dealer makes the offer (i.e.,
aj;. = ay; = 0if ¢ < ¢f in the lemma). If ¢ = ¢}, the investor is indifferent between holding
equity or cash; there are no gains from trade between him and the dealer.

The quantity of equity shares the investor gets for his cash holdings when €f < €, and the
amount of cash that he gets for his equity shares when ¢ < ¢}, however, do depend on whether
the investor or the dealer has the bargaining power. If the investor has the bargaining power, he
can effectively trade money for equity at the interdealer market price, py, i.e., he pays p; dollars
per share when he buys equity, and gets p; dollars per share when he sells equity. Formally,
in Lemma 2, a3, = ay; + p%ag? if ef < e, and @}x = af} + piaj; if € < ef. If the dealer has
the bargaining power, he offers less favorable terms of trade to the investor. Effectively, the
bargaining outcome implies that the dealer lets the investor trade at p? (¢) dollars per share,
rather than p; dollars per share. Notice that 9p? (¢) /0e > 0, so investors with higher preference
types face a higher dollar price per share. Also, note that p? (¢) > p; if and only if £f < e.
Thus the dealer charges pf (¢) > p; dollars per share to an investor who wishes to buy equity
(i.e., an investor with ¢} < ), and pays py (¢) < p; dollars per share to an investor who wishes
to sell equity (an investor with ¢ < ¢f). In other words, in a meeting where the dealer has the
bargaining power, p? (¢) is the nominal bid price for investors who want to sell equity, or the
nominal ask price for investors who want to buy equity. In terms of the lemma, this is why
ay; = aj; + pt"_l(e)a;? if ef <e, and @} = af} + p? () aj; if € < €.

The indeterminacy in the dealer’s portfolio follows from the fact that after having traded

with the investor, the dealer can immediately retrade in the interdealer market, so all the dealer

" Another way to interpret (15) is that given e, pid® = efy + ¢; is the cum dividend real value of equity to
the marginal investor in period ¢.
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cares about is the value of his own combined post-trade portfolio. In fact, as the following
corollary shows, the post-trade value of the dealer and the investor portfolios are uniquely

pinned down.

Corollary 1 Consider the bargaining problem between an investor ¢ with portfolio (a}?, aj;) and

preference type €, and a dealer d with portfolio (aj, a3;) in the OTC market of period t.

(¢) With probability 6 the investor chooses the terms of trade, and in this case the dollar value

of the investor’s and the dealer’s post-trade portfolios are, respectively,

—m —=S _ m S
Aypi* +pta/m'* = Qy; —i—ptam-

—m —S m S
Qtq T PtQyg = Qg + DtQyg-

(#2) With probability 1 — 0 the dealer chooses the terms of trade, and in this case the dollar

value of the investor’s and the dealer’s post-trade portfolios are, respectively,

a;ﬂ +pta§ — a?i% +pta’;fgi - [p;‘,) (8) - pt] %é_) Zf 6? S €
' ' agi +peag; — [pe —pf (e)]aj;  ife <ef
am

agg + peagg + 7 (€) —pil oy i ef <e

apy +pragy + [pe— o7 (e)af;  ife <ef.

Corollary 1 shows that the dealer extracts a transaction fee from the investor only when he
has the bargaining power. For example, when the dealer encounters an investor with ¢ > &}

who wishes to purchase x shares, the dealer extracts py (¢) — p; = (E;Empt dollars per share

ery+o;
purchased by the investor, for a total fee of %ptw dollars. In Lemma 2 and Corollary 1,
T =aj; —a;; = pDL(a)aZL = <%> pita?;, so the total fee equals %ag‘ dollars. Similarly,
t
when the dealer encounters an investor with ¢ < ef who wishes to sell aj; shares, the dealer
_ (ef=e)y

extracts py — pf () = p¢ dollars per share sold by the investor.

Py

Consider a bilateralt Zin:(:ting in the OTC trading round of period ¢, between an investor ¢
with portfolio as; and preference type ¢;, and an investor j with portfolio a;; and preference
type €;. With probability 7 (&;,€;), investor ¢ has the power to make a take-it-or-leave-it offer
to investor j, and in that event investor i chooses an offer of post-trade portfolios for himself,
(afk, af«), and for investor j, (QZ-L, ij), by solving

max [aiygfi* + Wl (Q?Z*,in*)]

m s m
[
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s.t. - +apy < ayp +ag;
ay- +ag; < ay; + ay;
oS I/ m _s oS I m _s
gjyai; + Wy (@i}, at;) > e5ya; + Wy (af, af))

m s m S
Qijn s Apiny Ay > Apj € Ry.

The first two constraints imply that in a bilateral meeting the two investors can (only) reallocate
money and assets between themselves. The third constraint ensures that it is individually
rational for investor j to accept ¢’s offer. The following result summarizes the outcome of the

bargaining game between two investors.

Lemma 3 Consider the bargaining problem between an investor i with portfolio (aj},af;) and
preference type €;, and an investor j with portfolio (a?}-, afj) and preference type €; in the OTC
market of period t. Suppose that investor i has the power to choose the terms of trade, then his

post-trade portfolio is @y« = (ajx,aj;+) with

m
— S ; A4 s ;
= Ay, min Ay ; 1y e; <€
t1 + [p?(arjﬁ)’ t]:| f J ?
. Q. . al .
S s _ tj S S t S L=
Ay § € [ati min [pg(ej),ati} , y; + min [pg(gj)’atjﬂ ifej=¢g;
alt
— A4S _ 3 tj S ; . .
= ap; — Min | ey e if €i < ¢gj

m 3 (o} . S m y . .
a}’ — min {pt (g5)ag;, ati} if ej <&
m o __ m O~ . S _ .8 . S
afie = oy +p7(eg) (af; —ag)  if gy =&
m 3 (o} . S m y . .
ay; +min |pf(ej)ag;, aif| if & <ej,
and investor j’s post-trade portfolio is a,; = (g{?,gfj), with af; = aj; + aj; — aj;» and aff =

m m m
ay; + ay — Qs

In Lemma 3, if ¢; < ¢;, then investor ¢ wishes to purchase all of investor j’s equity. Since
he has all the bargaining power, investor i sets the terms of trade at p? (¢;) dollars per equity
share, i.e., the dollar price of equity that makes investor j just indifferent between selling equity
for dollars or not. The quantity of equity that investor 7 is able to purchase will depend on his
money holdings, af;. If af} > p? (sj)afj, then he buys all of investor j’s equity holdings, ay;, in
exchange for pf(e;)af; dollars. If aj} < pf(ej)af;, then i gives investor j all his money holdings,

ay;, in exchange for agi ) equity shares. Conversely, if €; < ¢;, then investor 7 wishes to sell all

Py (e
of his equity to investor j. Similarly, the quantity of equity that investor ¢ will sell to investor

J depends on j’s money holdings, a;7. If ap; = py (¢j)a;, then j buys all of investor i’s equity
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holdings, af;, in exchange for p?(e;)ay; dollars. If @i} < pf(e;)as;, then j gives investor ¢ all his
money holdings, a7, in exchange for #ﬁj) equity shares.
t
The bargaining outcomes can be substituted in the value functions (10) and (12) to obtain

the following result.

Lemma 4 Let A7} and A3, denote the quantity of money and shares held by all investors
at the beginning of the OTC round of period t, respectively, i.e., AT, = fa{?dFtI (ati) and
A3, = [ ajdF] (ay).

(2) The value function of a dealer who enters the OTC round of period t with portfolio aq =

(a}, a3;) is given by
V,” (aiy, aia) = ¢ (ajy + praiq) + Vi (0) (17)

where

Vo) =w -0 |4 [T )+ it/at E =915,

] e EtYT O

t

+WP(0).

(#t) The value function of an investor who enters the OTC round of period t with portfolio

a;; = (a7}, aj;) and preference type €; is given by

Vi (af}, af;, ) = ¢ al} + (eiy + 6f) af; + W/ (0)
(Ei — E?) Y m
ey + o5

(ei—g)y .
Iio <. Ta (5 $) Aj ;
+a/ {e;<ei}T Sy + 0 min [¢}"az', (e;y + ¢7) A} dG (e5)

(54 _Ei)y . m Am s\ .8
+04/]1{ai<aj}(1 —U)wmm (01" ATy, (e5y + 1) ayi] dG (g5)  (18)

where Liex <.y is an indicator function that takes the value 1 if f < &;, and 0 otherwise.

+ 59]1{5;351.} ay + 691{ai<a;} (e} —ei)yag;

Notice that the first term on the right side of V;” (0) is the expected fee earned by a dealer
in the OTC market of period ¢ (the term inside the square bracket on the right side of V,” (0)
is the expected fee earned by a dealer when he makes an offer to an investor whose preference
type, €, is a random draw from G). To interpret (18), notice that the first line represents the
value to the investor of holding the portfolio of money and equity until the end of the period.

The remaining four terms represent the expected net gains from trading. For example, the
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(ei—ef)y
ety +op
gain to the investor from exchanging money for shares in a trade with a dealer in the OTC

factor that multiplies the indicator function Ire-<. 3, i.e., 60 Yay’, is the expected net
market, and the factor that multiplies the indicator function Iie,<erys e, 00 (ef — &) yaf;, is
the expected net gain to the investor from exchanging shares for money in a trade with a dealer
in the OTC market.® The last two terms on the right side of (18) represent the expected net
gains from trading with another investor in the OTC market.”

The following result uses Lemma 4 to characterize the solutions to the portfolio problems

that a typical dealer and a typical investor solve in the second subperiod of period ¢.

Lemma 5 Let (dﬁld,dfﬂd) and (&?}rli,&fﬂi) denote the portfolios chosen by a dealer and
an investor, respectively, in the second subperiod of period t. The first-order necessary and

sufficient conditions for optimization that these portfolios must satisfy are

¢ > Bmax (¢}, 67y 1/Pet1) (19)
¢; > Brmax (p1¢7t1, d711) (20)

¥ Conditional on having drawn &; > €}, the investor contacts a dealer with probability ¢ and has the bargaining
power with probability . In this case the investor sells ay; dollars for ﬁa?} shares, and his net payoff from this
transaction is

s 1 m m_m s IS m m_m 51—5* m _m
(eiy + &7) —ag; — & af; = (€iy + &%) A ~ay — ¢p ay; = Ei—ei)y t)yébt Qg -
t

e 1Y + ¢} gy +¢i
Conditional on having drawn ¢; < ¢}, the investor contacts a dealer with probability ¢ and has the bargaining
power with probability 6. In this case the investor sells ay; shares for p; dollars each. The investor’s net payoff
from this transaction is ¢{"piai; — (e:y + ¢%) aj; = (ef — i) yai;.

9Consider the penultimate term: with probability o the investor contacts another investor in the OTC market,
if the other investor’s preference type, €5, is smaller than ¢;, then the investor with preference type €; has the
bargaining power with probability n and he spends min [aj}, p§ (¢;) A7,] dollars purchasing min [a3; /p? (g;5) , A7:]
equity shares from the other investor, for a net gain from trade equal to

gjy + ¢

Similarly, with probability a the investor contacts another investor in the OTC market, and if the other investor’s
preference type, €;, is larger than ¢;, then the investor with preference type €; has the bargaining power with
probability 1 — n and he sells min [A7}/p? (¢;) , ai;] equity shares in exchange for min [AT}, pf (g;) af;] dollars, for
a net gain from trade equal to

(eiy + ¢¢) min [af; /pt () , ATe] — @i min [ai7, pf (6;) A7) = min [¢" i, (€;y + ¢7) ALl -

mo__. m o s s : m /. o s Ej —&i : moAm s\ 8
7 min (A7, (65) ] = (e + ) i 473/ (23) i) = =20 i [0 AT, (o5 + ) ).
J t
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and

EH L %
o7 > 1+56/ ety 4 (e,

* s
roy EiY T Ol

M alm . S
ey S S3Y + bt

+an /{H . I / M) 46 () da (gj)](ml (21)

€i41
o8 > Br|ot1 + (e+59 / (cfor — £)dC (<)

L

m m
Pr11ATi41

—¢8
ai1s 1

v o[

+a(l—n) [ / (g — &) dG (&i) dG (€j)>y] (22)
€L €L

where (19) holds with “=" if aj},, > 0, (20) holds with “="if a;_,, >0, (21) holds with “="

if afty; > 0, and (22) holds with “="if a;, _,; > 0.

Condition (19) is a dealer’s Euler equation for money. The left side is the real cost of
purchasing a dollar (in terms of the homogeneous good) in the second subperiod of period ¢.
The right side is the discounted gain from this marginal dollar in the following period, i.e.,
the dealer can choose to hold on to the dollar until the second subperiod of ¢ + 1 to obtain
¢}t 1 homogeneous consumption goods, or he can sell the dollar in the interdealer market of the
following OTC round for 1/psy1 equity shares, each of which will be worth ¢f, ; homogeneous
goods in the second subperiod of ¢t + 1. Naturally, the dealer will choose the best of these two
trading strategies. The dealer holds no money overnight if the left side of (19) exceeds the right
side. Condition (20) is a dealer’s Euler equation for equity shares. The left side is the real cost
of purchasing a share (in terms of the homogeneous good) in the second subperiod of t. The
right side is the discounted expected gain from this marginal share in the following period, i.e.,
the tree remains productive with probability 7, and in that event the dealer can sell the share
in the interdealer market of the following OTC round for p;y1 dollars, each of which will be
worth ¢}y ; homogeneous goods in the second subperiod of ¢ + 1, or he can choose to hold on to
the share until the second subperiod of period ¢ + 1 to obtain ¢f,; homogeneous consumption
goods. The dealer holds no equity overnight if the left side of (20) exceeds the right side.

Condition (21) is the investor’s Euler equation for money. The left side is the real cost
of purchasing a dollar in the second subperiod of period t. The right side is the discounted

expected benefit from carrying this additional dollar into the following period, which consists of
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three components: (i) the expected benefit from holding the dollar until the second subperiod
of period ¢ + 1 (i.e., if the investor does not spend the dollar in the OTC market), (i7) the
expected gain from using the dollar to purchase equity from a dealer in the OTC market of
period ¢t + 1, and (44i) the expected gain from using the dollar to purchase equity from another

investor in the OTC market of period ¢ + 1. To interpret (21), it is useful to rewrite it as

m m * &Y + ¢§+1 m *
¢ 2 B o +00 [1—G ()] B T Gi11|Ei = Erta
gy + i
ol A8 | DI | (e € O (i A
t+1\~J

where E [-|-] denotes the conditional expectation of (g;,¢;), and for any (af}y;, ai,q;) € R?,

2
tr1(aiiyis ajirj) = {(51‘»53') € ler,enl” g5 <eiand ajfy; <piyy (5j)a§+1j}

and wity(afty;,a741;) = ffH{(si,ej)eﬂﬁl(aﬁwa§+1j)}dG (€i) dG (g5). With probability §0[1 —
G(g7,1)], the investor contacts a dealer in the OTC market, has bargaining power, and wishes
to purchase equity. In this event, he uses the marginal dollar worth ¢} ; to purchase ﬁ equity
shares each of which yields expected utility from the dividend equal to E [ailei > e} +1] y, and a
resale value of ¢f,; homogeneous goods in the second subperiod of ¢ + 1. With probability a,
investor, call him 4, contacts another investor, e.g., investor j. Then wi}(af} 1;, A7, )1 denotes
the joint probability that i’s preference type is higher than j’s (so i acts as a buyer of equity),
and ¢ has bargaining power (which happens with conditional probability 7), and the bilateral
gains from trade are constrained by i’s money holdings (which given i’s money holdings, a3,
and j’s equity holdings, A, , at the time of the trade, occurs if the bilateral dollar price of
equity is large enough, i.e., if j’s individual valuation of equity, €, is large enough). In this
event, carrying an additional dollar into period ¢ + 1 helps investor ¢ reap gains from trade in
the bilateral trade with the other investor, and i’s expected gain from trading the marginal
dollar is the (conditional expected) value of the additional equity he purchases, i.e., m
equity shares each worth €;y + ¢}, 1, minus the value of the dollar, ¢{" ;.

Condition (22) is the investor’s Euler equation for equity. To interpret this condition it is

useful to rewrite it as

¢f > Br{ey + ¢j, 1+ 00G (ef41) B [per1071 — (siy + 0711) |0 < er4i]

+ awiyq(agyg, ATg) (1 —n) B [P§+1 (€5) dtq — (5iy + ¢741) |(gig5) € Q1 (g, A%H)”
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where for any (aj,;, a7 q;) € R?,

2
Qi (aiiy, aity)) = {(51‘»53') € ler,enl” e <egj and piyy (g)) ajyy; < a?}rlj}

and wiiq(aj,y;,071;) = ffH{(Eufj)eﬁfﬂ(a§+1i,aﬂ1j)}dG (¢i) dG (g5). The left side is the real
cost of purchasing an additional equity share in the second subperiod of ¢t. The right side is
the discounted expected benefit from carrying an additional equity share into the following
period, which consists of three terms. First, &y + ¢, , the expected benefit of holding the
equity share until the end of period ¢ + 1 (i.e., if the investor does not sell the equity in the
OTC market). Second, with probability J0G(e}, ), the investor contacts a dealer in the OTC
market, has bargaining power, and wishes to sell equity. In this event, he obtains p;11¢}7
dollars for selling the marginal equity share which he expects to value E [eiy + @i 1les < et +1].
Finally, with probability « investor ¢ contacts another investor j in the OTC market. Then
wiy1(ai, 1, A1) (1 —n) denotes the joint probability that 4’s preference type is lower than j’s
(so i acts as a seller of equity), and i has bargaining power (which happens with conditional
probability 1—7), and the bilateral gains from trade are constrained by ¢’s equity holdings (which
given 4’s equity holdings, af, |;, and j’s money holdings, A7} ;, at the time of the trade, occurs
if the bilateral dollar price of equity is low enough, i.e., if j’s individual valuation of equity, ¢;,
is low enough). In this event, an additional equity share helps investor i reap gains from trade
in the bilateral trade with the other investor, and 7’s expected gain from trading the marginal
share is the (conditional expected) value of the real balances he receives, i.e., p7 ; (¢;) ¢4,
minus the (conditional expected) value of the equity share he sells, i.e., &,y + @7, ;.

Let AT, , and A7, denote the quantities of money and equity shares, respectively, held by
all dealers at the beginning of the OTC round of period t+1, i.e., AT, ,; = v i aﬁ_lddthl (@t+1d),
and A%Hl =wv f afﬂddﬂgl (aty14). Let A’BHI and flj)tﬂ denote the total quantities of money
and shares held by all dealers at the end of period ¢, i.e., A7), | = fl’ﬁt yand Ay, = WASDt 41
Similarly, let A7, ; and A%, | denote the total quantities of money and shares held by all in-
vestors at the end of period ¢, i.e., A7}, = A}, and A}, | = 7A}, | + (1 —7) A°. Let A7,
and A%, denote the quantity of money and shares held after the OTC round of trade of period
t by all the dealers who are able to trade in the first subperiod. Similarly, let /_1’[7; and fl?t
denote the quantity of money and shares held after the OTC round of trade of period ¢ by all
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the investors who are able to trade in the first subperiod. For k = s, m,
Ay, = ot / 68 (@4 (au, ara, 1) 1 b0] AFP (ara) dFY (ags) dG ()
+ kv (1=0) [ a&[ag (as, aa, ;) ; 9, dEP (aiq) dF! (ay;) dG ()
+ (1 =r)v [ afj(aw;,)dFP (aa)
and
a5, = / [0 (@15, g, z290) + (1~ 0) 8 (i, aga,=:95)| AEP (aya) dF (ar) G (2)

where @q (ag;, aiq, ;) = (@' (a4, Gra, €; ), @5 Ay, ara, €3;)). We are now ready to define

equilibrium.
Definition 1 An equilibrium is a sequence of terms of trade in the OTC market

{<atd> atd* ) a’td>de'D ) <(_J'tl* ) a‘ti; Qti* ) gti>iel'}7?i()7

as given in Lemma 1, Lemma 2, and Lemma 3, together with a sequence of asset holdings

{<at+ld> at+ld>dep ) <at+1i7 at+1z'>ig}?io

and prices {1} = {1/pe, ¢, 95 }7%0, such that for all t, (i) the asset allocation solves the
individual optimization problems (8) and (11) taking prices as given, and (ii) prices are such
that all Walrasian markets clear, i.e., ASDH_l + fl?tﬂ = A® (the end-of-period-t Walrasian
market for equity), A’Bt gt A’ﬁ 11 = ALy (the end-of-period-t Walrasian market for money),
and A]Bt + fl’}t = A’Bt + 5A]}t for k = s,m (the period-t OTC interdealer market for equity and

money). An equilibrium is “monetary” if ¢j* > 0 for all t, and “nonmonetary” otherwise.

In what follows, we specialize the analysis to stationary equilibria where all real variables

are constant and nominal variables grow at the same rate as the money supply. Specifically, for

s

all £, A, = A, A3, = A3, 6 = 6%, pio" = &, &f = E=0 = o, gmAT = 7, ¢ AR, = Zp,
and @7 /¢t = pey1/pe = APy /AT = . Throughout the analysis we maintain the assumption

~ > 3, but the following proposition considers the limiting case v — (.

Proposition 2 The allocation implemented by the stationary monetary equilibrium converges

to the symmetric efficient allocation as v — (3, i.e., the Friedman rule is efficient.
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4.1 Pure-dealer OTC market

In this section we consider the case with @ = 0, i.e., a market in which all OTC trade is
intermediated by dealers and there is no direct bilateral trade among investors. For the analysis

that follows, it is convenient to define

. (1—-60)(1—pm)(é—¢&) _ 00(1—pm)(E—er)
A=0611+ e ] and 7:5[1%— Bre T (1= Br)en (23)
where € € [€,ep] is the unique solution to
§—é+(59/EG(€)dE—0. (24)

Lemma 6 (in the appendix) establishes that 4 < 4. The following proposition summarizes the

equilibrium set.

Proposition 3 Assume o = 0. (i) A nonmonetary equilibrium ezists for any parametrization.
(i1) There is no stationary monetary equilibrium if v > 7. (iii) In the nonmonetary equilibrium,
A7 = A% — A}, = A® (only investors hold equity shares), there is no trade in the OTC market,
and the equity price in the Walrasian market is

B
1-p8n

() If v € (B,7), then there is one stationary monetary equilibrium; asset holdings of dealers

P° = gy.
and investors at the beginning of the OTC round of period t are AT, = A7* — A}, =0 and

=TA® ifB<y<#
b=A"—Ajq €074 ify=7

=0 ify <y <7,
and asset prices are
o ety ifB<vy<4 25)
o (e 00 [ Gleyde]y ifi<v<
z= il (26)
5(9 [1 — G(E )] W +5(1 — 9)f8* €y+¢SdG(E)
Z
mo_
s
pt= 714%”, (29)
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where, for any v € (8,7), €* € (er,em) is the unique solution to

(1= Bm) [Z7[1 = G (e))de -8
RN Py TR TA

= 0. (30)

(v) (a) Asy — 7, e* — e, and ¢* — lfgwéy. (b) Asy — B, € — eg and ¢° — %e’i[{y.

In the nonmonetary equilibrium, dealers are inactive and equity shares are held only by
investors. With no valued money, investors and dealers cannot exploit the gains from trade
that arise from the heterogeneity in preference types in the first subperiod of every period,
and the equilibrium real asset price, ¢° = %gy, is equal to the expected discounted value
of the dividend stream since the equity share is not traded. (Shares can be traded in the
Walrasian market of the second subperiod, but gains from trade at that stage are nil.) The
stationary monetary equilibrium exists only if the inflation rate is not too high, i.e., if v < #.
In the monetary equilibrium, the marginal preference type, €*, which according to Lemma 2
partitions the set of investors into those who buy and those who sell the asset when they meet
a dealer in the OTC market, is characterized in part (iv) of Proposition 3. In the OTC market,
investors with € < €* who contact dealers sell all their equity holdings for money, while investors
with € > £* who contact dealers spend all their money buying equity. Thus unlike what happens
in the nonmonetary equilibrium, the OTC market is active in the monetary equilibrium, and
it is easy to show that the marginal type, €*, is strictly decreasing in the rate of inflation, i.e.,
%—i < 0 both for v € (3,%), and for v € (9,7) (see Corollary 2 in the appendix). Intuitively, the
real value of money falls as 7y increases, and the marginal investor type, €*, decreases, reflecting
the fact that under the higher inflation rate, the investor that was marginal under the lower
inflation rate is no longer indifferent between carrying cash and equity out of the OTC market
(he prefers equity).

According to Proposition 3, ¢°* < ¢® 4+ £*y = p:¢}" in the monetary equilibrium, so Lemma
1 implies that dealers hold no equity shares at the end of the OTC round: all equity is held by
investors, in particular, by those investors who carried equity into the period but were unable
to contact a dealer, and by those investors who purchased equity shares from dealers. After the
round of OTC trade, all the money supply is held by the investors who carried cash into the
period but were unable to contact a dealer, by the investors who sold equity shares to dealers,

and by those dealers who had bargaining power in the OTC negotiations or carried equity into

the OTC market. A feature of the monetary equilibrium is that dealers never hold money
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overnight: at the beginning of every period ¢, the money supply is all in the hands of investors,
e, AT =0 and AT} = A9 The reason is that access to the interdealer market allows
dealers to intermediate assets without having to carry cash. Whether it is investors or dealers
who hold the equity overnight, depends on the inflation rate: if it is low, i.e., if v € (5,%),
then only dealers hold equity shares overnight, that is, flﬁ“’Dt 41 = A% and flit 41 = 0 for all .
Conversely, if the inflation rate is high, i.e., if v € (%,7), then at the end of every period ¢, all
equity shares are in the hands of investors, i.e., fl“bt 41 =0and fl‘}’t 41 = A?. To understand this
result, it is useful to inspect the Euler equations for equity shares. In a stationary equilibrium,
(20) reduces to
1> BrRy(e), “="if A%,4 >0, (31)
where _
Ry =Tt -2
Dealers do not wish to hold equity overnight if (31) holds with strict inequality. The equilibrium

return to a dealer from holding equity overnight, R} (¢*), consists of the expected capital gain
from purchasing equity in the second subperiod and reselling it in the OTC market of the

following period. Similarly, in a stationary equilibrium (22) reduces to
1> BrR; (), “ =" if A5, >0, (32)

where

s =+ s =xh s
rre) =@ {w% 100 +o0 -0 TLEC L ey L
ey 06 () (& — ey + ¢

¢° ’

, and & = fs* sldg((e)). Investors do not wish to hold equity overnight if

== _ EdG(s
(32) holds Wlth strict inequality. The equilibrium expected return to an investor from holding
equity overnight, R? (¢*), can be thought of as a weighted average of four gross returns. The
first, ij—z, is the capital gain of an investor who sells equity in the OTC market at the interdealer
market price (¢®), which is what occurs with probability G (¢*) §6, i.e., when the investor draws
a preference type lower than £* (so he wishes to sell in the OTC market), contacts a dealer, and

has the bargaining power. The second, —ué— , is the expected equity return to an investor who

""In a stationary equilibrium, (19) becomes v¢* > Bmax (¢°, ¢°) = B¢°.
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wishes to sell in the OTC market but fails to contact a dealer, which occurs with probability
G(e*) (1 = 9). In this case the expected equity payoff consists of the expected value of the
period dividend conditional on wanting to sell, &%y, and the resale value of the equity in the
following Walrasian round of trade, ¢*. The third, also i%ﬁ, is the expected capital gain of
an investor who sells equity in the OTC market at the dealer’s expected bid price, &y + ¢*,
that (in expected value) reaps all the gains from trade from an investor who wishes to sell, an
event that occurs with probability G (¢*) 40, i.e., when the investor draws a preference type
lower than * (so he wishes to sell in the OTC market), contacts a dealer, and the dealer has
the bargaining power. The fourth, E*hg—jd)s, is the expected equity return of an investor who
does not wish to sell in the OTC market and therefore keeps the equity share for a full period,
which occurs with probability 1 — G(¢*). In this case the expected equity payoff consists of the
expected value of the period dividend conditional on not wanting to sell, "y, and the resale
value of the equity in the following Walrasian round of trade, ¢°.

From (31) and (32), dealers hold all equity shares overnight (i.e., A%, 41 = A% and A3, 41 =0)
if and only if RS (¢*) < RS (¢*), i.e., if and only if £ + §0G (¢*) (* — &*) < ¢*. This condition

is equivalent to

*

€
5‘+69/ G (e)de < &7,
€

L

which is in turn equivalent to £ < £*, where ¢ is defined by (24). Intuitively then, all equity
is held by dealers overnight if the marginal preference type that partitions investors between
buyers and sellers is large enough (larger than ), else all equity is held by investors overnight,
and strictly speaking, dealers only provide brokerage services in the OTC market.!!

Given the marginal preference type, €*, part (iv) of Proposition 3 gives all asset prices in
closed form. The real price of equity (in terms of the homogeneous consumption good) in the

Walrasian round of trade, ¢*, is given by (30). The dollar price of equity in the OTC market,

"'To get some more intuition, notice that

OR; (E):5gg(5*)i<i:aRd(E)

de* 90 et
and
SO = Rien) < i (en) = V0 < B LAV < e < (o) =

This reasoning is in terms of €* while Proposition 3 is stated in terms of the parameter v. However, there is a
monotonic relationship between v and €*, and as it is shown in the proof of the proposition, £ < * if and only
if v < 4.
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pt, is given by (29). The real price of money (in terms of the homogeneous consumption good)
in the Walrasian round of trade, ¢}, is given by (28). The real price of equity (in terms of the
homogeneous consumption good) in the OTC market, p;¢" = ¢° is given by (27).

Finally, part (v)(a) states that as the rate of money creation rises toward 7, £* approaches
the lower bound of the type distribution, 1, so no investor wishes to sell equity in the OTC
market, and as a result the allocations and prices of the monetary equilibrium approach those
of the nonmonetary equilibrium. Part (v)(b) states that as the rate of money creation falls
toward 3, €* increases toward the upper bound of the type distribution, €7, so only investors
with the highest preference type purchase equity in the OTC market (all other investors wish
to sell it).

4.2 Non-intermediated OTC market

In this section we consider the case with § = 0, i.e., a market in which there are no specialized

dealers and all OTC trade is conducted bilaterally among investors. Let

y=p

EH EH R .
1 +an / / ST 4G (=) dG ()] (33)
€L ej &j + 71'6

J 1-8

and define the function ¢ : [er,eg] — R by
€ Ej
o(e) = / / (6 — £1) dG () dG (<)
€L, YEL

Proposition 4 Assume § = 0. (i) Dealers are inactive in any equilibrium, and a nonmonetary
equilibrium exists for any parametrization. (ii) There is no stationary monetary equilibrium if
v > 4. (ii) In the nonmonetary equilibrium there is no trade in the OTC market, and the

equity price in the Walrasian market is

. B
o= 1- 57T5y.
() If v € (B,7), then there is one stationary monetary equilibrium and asset prices are
s __ 57—‘- = c
¢ —1_57r[€+a(1 n) ¢ (e9)]y (34)
Z=(eY+¢°) A® (35)
Z
mo_
qst - A;-n’
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where, for any v € (5,7), €€ € (eL,em) is the unique solution to

€EH [€H (1—,37T)<€z‘—€j) ' . _ﬂ:
/5" /Ej (1—pBm)ej+ B [E—i—a(l—n)cp(gc)]dG(E%)dG( i) Bam 0. (36)

(v) (a) As v — 7, €© — e and ¢* — 1fﬁéy. (b) As v — B, ¢ — ey and ¢* —

2 et a(l—n)g(en)ly.

The interdealer market is inactive when § = 0, and so are dealers. A stationary monetary
equilibrium does not exist if the inflation rate is too large, i.e., if v > 4, and in this case there
is no equity trade and the equity price is equal to the expected discounted present value of
the dividend. If the inflation rate is low enough, i.e., v € (f3,7), then a unique stationary
equilibrium exists. In this case an investor i starts every period ¢t with a portfolio of money
and equity, and he is randomly matched with another investor j during the OTC round of
trade. If i’s preference sock is larger than j’s, i.e. if €; < &;, then ¢ will want to purchase
all of j’s equity holdings. Whether he is able to do so depends the quantity of assets that j
holds, which in equilibrium equals A°, and the dollar price that ¢ has to pay for the equity.
In turn, the dollar price will depend on whether investor ¢ or investor j has the bargaining
power. If ¢ has the power (this happens with probability 1), then the dollar price he pays j
for each unit of equity is p? (¢;) = & Z}(ﬁs, and since ¢ holds M; dollars in equilibrium, he can

afford to buy all of j’s equity only if EZF#AS < My, or equivalently, if (g;y +¢°) A® < Z

which using (35) can be rewritten as €; < €. Thus as v falls, real balances and € increase,
and the investor who wishes to buy equity and has the bargaining power, is cash constrained
in a smaller fraction of the bilateral meetings. The value of money depends on the gains from
trade of the relatively high valuation investors who buy equity. The equity price (34) on the
other hand, reflects the gains from trade of the relatively low valuation investors who sell equity
in bilateral transactions (a (1 —n) ¢ (e°) y is the expected gain from selling equity to another

investor in the OTC round).

5 Asset prices

In this section we study the asset prices reported in Proposition 3 and Proposition 4. In
particular, we focus on how they depend on monetary policy, and the degree of OTC frictions
as captured by the parameters that regulate trading frequency and the relative bargaining

strengths of the various traders.
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5.1 Inflation

In a pure-dealer OTC market, the real price of equity in a monetary equilibrium is in part de-
termined by the option available to low-valuation investors to resell the equity to high-valuation
investors. As 7 increases, equilibrium real money balances fall and the marginal investor type,
€*, decreases reflecting the fact that under the higher inflation rate, the investor type that was
marginal under the lower inflation rate is no longer indifferent between carrying cash and equity
out of the OTC market (he prefers equity). Since the marginal investor who prices the equity
in the OTC market has a lower valuation, the resale option is smaller, which in turn makes
the real equity price (both ¢* and ¢*) smaller. As expected, the real value of money, ¢/, also

declines with the rate of inflation. These arguments are formalized in the following proposition.

Proposition 5 Consider the formulation with o = 0. In the stationary monetary equilibrium:

(i) 0¢° /0y < 0, (ii) 0¢° /Oy < 0, (iii) Z/0y < 0 and ¢} /Oy < 0.

In a non-intermediated OTC market, the real price of equity in a monetary equilibrium is
also in part determined by the option available to low-valuation investors to resell the equity
to high-valuation investors. A higher inflation rate causes real money balances to decline. This
reduction in real balances enlarges the set of joint realizations of preference types in bilateral
meetings in which the cash constraint binds for high-valuation buyers. In turn, this reduces
the value of the marginal preference type, €, of the buyer who is just able to purchase all of
the equity from a seller in a bilateral meeting in which the seller has the bargaining power.
The result is that ex ante, the period before the OTC round, investors anticipate that the
expected gains from selling equity in the OTC market are smaller, and this manifests itself as
a smaller equity price in the centralized round of trade. The following proposition formalizes

this intuition.

Proposition 6 Consider the formulation with 6 = 0. In the stationary monetary equilibrium:

(1) 0¢° /0y < 0, (ii) 0Z/0y < 0 and d¢}* /0y < 0.

5.2 OTC frictions: trading delays and market power

In a pure-dealer OTC market, 00 is an investor’s effective bargaining power in negotiations
with dealers. A larger 66 implies a larger gain from trade for low-valuation investors when they

off-load the asset onto dealers in the OTC market. This in turn makes investors more willing to
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hold equity shares in the centralized market of the previous period, since they anticipate larger
gains from selling the equity in case they were to draw a relatively low preference type in the
following OTC round. As a result, real equity prices, ¢* and ¢°, are increasing in § and 6. If
J increases, money becomes more valuable (both Z and ¢}" increase), provided we focus on a
regime in which only investors carry equity overnight.'?> The following proposition formalizes

these ideas.

Proposition 7 Consider the formulation with o = 0. In the stationary monetary equilibrium:

(i) 9¢° 19 (50) > 0, (ii) DG°/D (80) > 0, (iii) DZ/DS > 0 and /95 > 0, for v € (3,7).

The following proposition establishes that in a non-intermediated OTC market, the value of
holding equity increases with the bilateral meeting probability, as this increases the probability
that the investor may find an opportunity to sell the asset to another investor with higher
valuation. Similarly, the value of money increases with « as this increases the probability the
investor may be able to use money to buy equity if he were to meet a counterparty with lower

valuation.

Proposition 8 Consider the formulation with § = 0. In the stationary monetary equilibrium:

(i) 0¢°/0a > 0, (ii) 0Z/0a > 0 and 0¢}"/Da > 0.

6 Financial liquidity

In this section we use the theory to study the determinants of standard measures of market
liquidity: liquidity provision by dealers, trade volume, and bid-ask spreads. Broker-dealers
in OTC markets provide liquidity (immediacy) to investors by finding them counterparties
for trade, and/or by trading with them out of their own account, effectively becoming their
counterparty. Trade volume is a manifestation of the ability of the OTC market to reallocate
assets across investors. Bid-ask spreads constitute the main out-of-pocket transaction cost
that investors bear in OTC markets. Section 6.1 focuses on dealers’ decisions to hold asset
inventories with the purpose of becoming trade counterparties for investors. Section 6.2 focuses

on the determinants of trade volume. Bid-ask spreads are analyzed in Section 6.3.

2Real balances can actually fall with § for v € (3, 7).
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6.1 Liquidity provision by dealers

To simplify the exposition, here we focus on the formulation with o = 0. The following result

characterizes the effect of inflation on dealers’ provision of liquidity by accumulating assets.

Proposition 9 Consider the formulation with o = 0. In the stationary monetary equilibriums:
(1) dealers’ provision of liquidity by accumulating assets, i.e., A}, is nonincreasing in the in-
flation rate. (ii) For any v close to B, dealers’ provision of liquidity by accumulating assets is
nonmonotonic in 60, i.e., A5, = 0 for 60 close to 0 and close to 1, but A}, > 0 for intermediate
values of 60.

To understand part (i) of Proposition 9, recall the discussion that followed Proposition 3. The
expected return from holding equity is larger for investors than for dealers with high inflation
(v > %) because in that case the expected resale value of equity in the OTC market is relatively
low, and dealers only buy equity to resell in the OTC market, while investors also buy it with
the expectation of getting utility from the dividend flow. For low inflation (v < %), dealers
value equity more than investors because the OTC resale value is high and they have a higher
probability of making capital gains from reselling than investors, and this trading advantage
more than compensates for the fact that investors enjoy the additional utility from the dividend
flow. Part (ii) of Proposition 9 states that given a low enough rate of inflation, dealers’ incentives
to hold equity inventories overnight depend nonmonotonically on the degree of OTC frictions
as measured by d6. In particular, dealers will not hold inventories if 48 is either very small or
very large. If 66 is close to zero, few investors contact the interdealer market, and this makes
the equity price in the OTC market very low, which in turn implies too small a capital gain
to induce dealers to hold equity overnight. Conversely, if 6 is close to one, then the dealer is
getting no gains from trade in the OTC market and consequently he does not find it worthwhile

to invest in equity to resell in the OTC market.

6.2 Volume

First consider the case with a = 0. According to Lemma 2, any investor with € < €f who has a
trading opportunity in the OTC market, sells all his equity. Hence in a stationary equilibrium,
the quantity of assets sold by investors to dealers in the OTC market is @~ = 0G (¢*) A}. From
Lemma 2 we also know that an investor with € > ¢} who contacts a dealer will buy equity, and

that the quantity he buys depends on whether the investor or the dealer has the bargaining
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power. If the investor has the bargaining power then he purchases A}*/p; equity shares. Thus
the volume of assets traded by such investors is Q1* = §0[1 — G (¢*)] A7 /p;. If instead the
dealer has the bargaining power, then the investor purchases A}*/p? (¢) equity shares. Therefore
the volume of assets traded by such investors is Q* = & (1 — 0) [= [A]"/p} (¢)] dG (). The total
quantity of equity shares traded in the OTC market is V = Q= + Q1T* + QT or equivalently!'?

V = 1A% 4 20G (%) (A° — T AS). (37)

Trade volume V depends on v and # only indirectly, through £*. A decrease in v or an increase
in 0, increases the expected return to holding money, which makes more investors willing to sell
equity for money in the OTC market, i.e., £* increases and so does trade volume. The indirect
(through *) positive effect on V of an increase in the investors’ trade probability § is similar to
an increase in 6, but in addition, § directly increases trade volume since with a higher § more
investors are able to trade in the OTC market. These results are summarized in the following

proposition.

Proposition 10 Consider the formulation with o = 0. In the stationary monetary equilibrium:

(i) OV/0y <0, (i1) 0V/08 > 0 and 0V /06 > 0.

Next consider the formulation with 6 = 0. According to Lemma 3, the quantity traded
in a meeting between two investors depends on whether the buyer or the seller of equity
has the bargaining power. Suppose that investor 7 has preference type &; and investor j
has preference type €; < ¢;. If investor ¢ (in this case the buyer) makes the offer, then
he purchases min {A7"/pf (¢;), A°} = I <.y A® + ]I{ECQQ.}W%W equity shares. Conversely,
if investor j has the bargaining power, then investor i purchases min{A"/p¢ (¢;), A%} =
[iei<eey A% + H{Ec<gi}ﬁ equity shares. Hence the total quantity of equity shares traded
in the OTC market is

f)—a{n [/ 11— G ()]G (&) /EH/EHEyJFQSSdG(si)dG(éj)

L e EjYt o
e¢ EH  [Ci oCp 4 hS
+(1-7n) U G (£i) dG (&) / / EYT9 16 (e;)dC (e) }As.
er
3To obtain (37) we used the clearing condition for the interdealer market, A% +Q~ = QT +Q™** which implies

e; €Y+ o*
V= +Q™+Q" = A} +2Q . Also, note that V is trade volume in the OTC market, but since every equity
share traded in the first subperiod gets retraded in the second subperiod, total trade volume in the whole time
period equals 2V.
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In trades where the investor with no bargaining power has preference type € < ¢, all the equity

holdings of the seller, A%, are traded. In meetings where the investor with no bargaining power
Z__ _ (y+oh)A®
- y+o® T gjy+o°

equity shares are traded. Notice that inflation only affects V indirectly, through its effect on

has preference type € > £, the cash constraint of the buyer binds, and only 5

¢ (or equivalently, real balances, Z). Higher inflation reduces the value of real balances and
this implies that the cash constraint will bind in in more trades, causing trade volume to
decline along the intensive margin (i.e., by reducing the quantity of equity traded in trades in
which the agent with no bargaining power has relatively high valuation for the dividend). An
increase in the contact probability a increases V along the extensive margin (more meetings
among investors naturally result in larger trade volume), but an increase in « also increases real
balances and therefore induces an increase in trade volume along the intensive margin. This

intuition is formalized in the following proposition.

Proposition 11 Consider the formulation with 6 = 0. In the stationary monetary equilibrium:

(i) dV /8~ < 0, and (ii) OV /da > 0.

6.3 Spreads

Focus on the formulation with o = 0. Corollary 1 shows that when dealers with bargaining
power execute trades on behalf of their investors, they charge an ask price p§ (¢) > p; to investors
with € > ¢* who wish to buy equity, and pay a bid price p¢ (¢) < p; to investors with ¢ < &*
who wish to sell equity. Thus in any transaction with an investor with preference type €, the
dealer earns a nominal spread S;" (¢) = [pf (¢) — pt|. Define the real spread S (¢) = S/" (¢) /py,

ie.,
_le—e"ly

S .
©) €Y+ ¢°
The average real spread is S = [ S (¢) dG (¢), i.e.,

*

/: (a*—a)dG(s)—F/aH (e — ) dG (o)

L e*

S = y

E*y + ¢s'

The change in the average spread in response to changes in 7y, § or #, are ambiguous in general.
The reason is that S (¢) is decreasing in €* for buyers with € > €*, but may be increasing in ¢*

for investors who wish to sell (i.e., those with ¢ < £*).
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6.4 Speculation

According to Proposition 3 and Proposition 4, in a monetary equilibrium the equity price, ¢°,
is larger than the expected present discounted value that any agent assigns to the dividend
stream, i.e., ¢% = [/ (1 — pnm)]€y. It is commonplace to define the fundamental value of
the asset to be the expected present discounted value of the dividend stream, and to call any
transaction value in excess of this fundamental value, a bubble.'* One could argue, of course, that
the relevant notion of “fundamental value” should be calculated through market aggregation of
diverse investor valuations, and taking into account the monetary policy stance as well as all the
details of the market structure in which the asset is traded (such as the frequency of trading
opportunities and the degree of market power of financial intermediaries) which ultimately
also factor into the asset price in equilibrium. In any case, to avoid semantic controversies,
we follow Harrison and Kreps (1978) and call the value of the asset in excess of the expected
present discounted value of the dividend, the “speculative premium” which investors are willing
to pay in anticipation of the capital gains they will reap when reselling the asset to investors
with higher valuations in the future. So like Harrison and Kreps (1978), we say that investors
exhibit speculative behavior if the right to resell a stock makes them willing to pay more for it
than they would pay if obliged to hold it forever. Investors exhibit speculative behavior in the
sense that they buy with the expectation to resell, and naturally the asset price incorporates
the value of this option to resell: investors are willing to pay more for the asset than they would
pay if obliged to hold it forever.

Consider the case pure-dealer case (i.e., « = 0). According to Proposition 3, in a monetary

equilibrium the speculative premium is

P lfjgﬂ(e*—a’)y if <y <A
fgﬂ(seyf; G(e)de if74<vy<A.

Since 0e* /0y < 0 (Corollary 2), it is immediate that the speculative premium is decreasing in
the rate of inflation. Intuitively, anticipated inflation reduces the real money balances used to
finance asset trading, which limits the ability of high-valuation traders to purchase the asset
from low-valuation traders. As a result, the speculative premium is decreasing in 7. Since
0e* /0 (66) > 0 (see the proof of Proposition 7), the speculative premium is increasing in ¢

and 6. Intuitively, the speculative premium is the value of the option to resell the equity to

"See. e.g., Barlevy (2007), Scheinkman and Xiong (2003), and Xiong (2013) who discusses Harrison and
Kreps’ paper in the context of what he calls the “resale option theory of bubbles.”
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a higher valuation investor in the future, and the value of this resale option to the investor
increases with the probability § that the investor gets a trading opportunity in an OTC trading
round and with the probability 6 that he can capture the gains from trade in those trades.
Interestingly, notice that the signs of these effects are exactly the opposite than they are for
trade volume. So in low-inflation regimes, the model predicts large trade volume and a large

speculative premium. The following proposition summarizes these results.

Proposition 12 Consider the formulation with o = 0. In the stationary monetary equilibrium:

(i) OP /0y < 0, and (ii) OP/0(66) > 0.

Consider a non-intermediated OTC market (i.e., 6 = 0). According to Proposition 4, in a
monetary equilibrium the speculative premium is

B
1-p8n

P a - n)ye(e).
Higher inflation reduces real balances and therefore ¢, which reduces the expected resale value
of equity in the OTC market, so P decreases with inflation. An increase in the trade probability

o has a positive direct effect on P (increase in the meeting probability) and also an indirect

positive effect (« increases € which in turn increases P). These effects are summarized below.

Proposition 13 Consider the formulation with 6 = 0. In the stationary monetary equilibrium:

(i) OP /0y < 0, and (ii) OP/da > 0.

7 Endogenous trading delays

In this section we endogenize the supply of intermediation services and the length of the trading
delays by allow for free entry of dealers. This formalizes the notion that a dealer’s profit depends
on the competition for order flow that he faces from other dealers.

In this section we use § to denote a continuously differentiable function of the measure of
dealers in the market, v, i.e., 6 : Ry — [0,1], and let « (v) = 0 (v) /v. We assume d¢'(v) > 0,
k' (v) <0, and 6" (v) < 0. We also specify 6(0) = lim,_o0 % (v) = 0, and lim,_ d (v) = £ (0) =
1. These assumptions capture the notion that if the measure of dealers, v, is larger, then each
investor contacts dealers faster, while the order flow for each individual dealer decreases.'®

There is a large measure of dealers who can choose to participate in the market. Dealers who

" The matching function § (v) =1 — e is an example that satisfies the maintained assumptions.
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wish to provide intermediation services in the OTC market of period ¢ 4+ 1 must incur a real
resource cost k > 0 in the second subperiod of period ¢, i.e., right before they can participate
in the OTC round of trade. The cost k is in terms of the homogeneous good, and represents

the ongoing expenses of running the dealership business.

7.1 Efficiency

With the notation introduced in Section 3, the planner’s problem for the economy with free

entry (and oo = 0) consists of choosing a nonnegative allocation

0
~ ! ~ !/
{vta atpD, Aip, CtD, htD7 Aty Qyry [Ctl (51) ) htl (Ei)]ge[gL’gH] }t—O )
to maximize

e}

Zﬁt {5 (Ut)/[ ] eyay (de) + [1 — & (ve)] Eyar + /aH [cer (€) — her ()] dG (e) + (cep — hup)vy

t=0 €L
subject to
ViGyp + Ay < A° (38)
vtaéD +6 ('Ut) / CL;I (d&) < wviarp + 1) ('Ut) atr (39)
[EL,EH]
EH €H

/ Ct1 (8) dG (E) + cipvr + k’l}t+1 < / ht] (5) dG (5) + UthtDa (40)

€L ErL

(6) and (7). The following proposition characterizes the solution to the planner’s problem.
Proposition 14 The efficient allocation for the model with free entry of dealers has
B8 (v) (eg —&)y(1 —m) A®* —k <0, “= 7ifv >0, (41)

atp = (A% —ayr)/ve = A® vy, and ay; (E) = I, yepy [1/6 (v) + (1 — m)] A®, where I, cpy is an
indicator function that takes the value 1 if eg € E, and 0 otherwise, for any E € F ([er,cn))-

7.2 Equilibrium

An equilibrium with free entry is characterized by the same equations that characterize an

equilibrium in the baseline model of Section 2 (replacing § with 0 (v;) and k with & (v)),
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plus the following condition, which must hold in an equilibrium in which dealers are free to

participate in the OTC of any period ¢
WP (0) —k <0, with “="if v;,1 > 0. (42)

For each ¢, the free-entry condition (42) can be used to determine the additional unknown vy 1.

Lemma 8 in the appendix shows that (42) can be written as
Bypy — k<0, with “=" if v 11 >0 (43)

for all ¢, where

o — 1-9 Y S (e3p1—9)y AS dG
t+1 = Br (Vi) ( ) Pr+1 ooy P AL dG (€)
eL

el
(e=4 )Y 4m
+ [ g e @) (14)

t+1

is a dealer’s discounted expected income from intermediation in the OTC market of period t+ 1.

In order to interpret ®;1, it is useful to define Q¢4+ (¢) = po—ll(g)A?}: 415
t+

€ty dG (e
Sty = / [pe+1 — PP41 (5)]A{+1—£))
€

L G (€t+1
€H dG ()
St E/ P71 (&) = pea1]Qey1 (6) ——7——,
t+1 €;‘+1 t+1 1-G (5t+1)

where pf, | (¢) (defined in (16)) is the nominal equity price that an investor faces when trading
with a dealer with bargaining power. (So pf, (¢) is a nominal bid price for investors with
e < ¢*, and the nominal ask price for investors with € > £*.) With this notation, (44) can be

written as

Drs1 = B (v141) (1= 0) {G (6140) St + [1 = G (e541)] St } G,

Consider a dealer who has the bargaining power in a meeting with a random investor with
preference type € < ef, ;. In equilibrium, this investor wishes to sell the A%, ; equity shares that
he is holding to the dealer, who pays the investor pf,, (¢) dollars per share, therefore earning
pe+1—pyyq (€) dollars per share, for a total intermediation profit equal to [pt+1 — Py (5)] At
dollars. Hence S? 1 is the expected value of the dealer’s nominal profit from intermediation,

conditional on having contacted an investor who wants to sell equity. Next consider a dealer who
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has the bargaining power in a meeting with a random investor with preference type ¢ > €;, ;. In
equilibrium, this investor wishes to use spend all his money holdings, A7}, to purchase shares
from the dealer. The dealer charges the investor p¢,; (¢) dollars per share, so at this price the
investor wishes to buy Q41 (¢) shares from the dealer. The dealer earns pf, () — ps+1 dollars
per share in this transaction, for a total intermediation profit equal to [pf,; (¢) — pit1] Qi1 (€)
dollars. Hence Sf,; is the expected value of the dealer’s nominal profit from intermediation,
conditional on having contacted an investor who wants to buy equity. Since the dealer can
rebalance his portfolio of equity and cash freely in the interdealer market, the expected real
value of his profit from intermediation is S¢, b¢+1, conditional on having contacted a buyer, and
8P, 1 ¢r+1 conditional on having met a seller. Hence 8{G (g},1) SPy1 + [1 — G (e741)] i1} dr41
is the discounted expected real income from intermediation to a dealer in period ¢+1, conditional
on his contacting an investor in the OTC market (with probability  (v¢11)), and conditional
on the dealer having the bargaining power in the bilateral negotiation with the investor (with
probability 1 — 0).

To simplify the exposition hereafter we specialize the analysis to the pure-dealer model with
o« = 0. In a stationary equilibrium, A%, = A%, A3, = A3, v = v, ¢} = ¢°, po* = ¢°,
6 = (8° — ¢°) [y = &, GP AT = Z, GIAT, = Zp, and @[Ty = puyr/p = AT JAP = 7,
for all ¢, so ®; = @ for all £. A stationary equilibrium with entry is summarized by a sequence
of nominal prices {¢}", p+}, a vector of real asset prices, (qbs, qzs), a sequence of money holdings
{A5,, AT}}, a vector of equity holdings (A}, A7), real balances, Z, and a threshold &* that
satisfy the conditions reported in Proposition 3 (with ¢ replaced by 6 (v)), together with a

number of active dealers, v, that satisfies (45)
®— k<0, with “=" if v > 0, (45)

where

*

Aﬁ/: (5*—8)dG(8)+Z/

L e* 6y + gbs

EH 5—5*

®=pk(v)(1-10)

G (5)] Y. (46)

Proposition 15 Assume k < (1 —0)(eg — &)y (1 —m) A%. The allocation implemented by

the stationary monetary equilibrium converges to the symmetric efficient allocation as v — 3,

provided the bargaining power of dealers satisfies 1 —0 =1 — %

Proposition 15 establishes that with dealer entry, the Friedman rule achieves efficiency
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only if the Hosios (1990) condition is satisfied.!6 Under the Hosios condition, the share of
the gain from trade that is apportioned by dealers in bilateral meetings, 1 — 6, equals the
elasticity of the aggregate number of meetings with respect to the number of participating
dealers, 1+ £’ (v) v/k (v) (i-e., the contribution that the marginal dealer makes to the matching
process). Thus generically, deviations from the Friedman rule could be welfare enhancing in

the absence of other policies designed to restore the efficiency of the dealers’ entry decision.

8 Related literature

The model builds on two strands of literature: the Search Theory of Money, and search-based
models of financial trade in OTC markets. Specifically, we embed an OTC financial trading
arrangement similar to Duffie et al. (2005) into a Lagos and Wright (2005) economy.

In the standard formulations of the Lagos-Wright framework, money (and sometimes other
assets) are used as payment instruments to purchase consumption goods in bilateral markets
mediated by search. We instead posit that money is used as a medium of exchange in OTC
markets for financial assets. In the standard monetary model, money and other liquid assets
help to allocate goods from producers to consumers, while in our current formulation, money
helps to allocate financial assets among traders with heterogeneous valuations. This shift in
the nature of the gains from trade offers a different perspective that delivers novel insights on
the interaction between monetary policy and financial markets.

As a model of financial trade, the main strength of Duffie et al. (2005) is perhaps its
realistic OTC market structure consisting of an interdealer market and bilateral negotiated
trades between investors, and between investors and dealers. In Duffie et al. (2005) agents
who wish to buy assets pay sellers with linear-utility transfers. In addition, utility transfers
from buyers to sellers are unconstrained, so buyers effectively face no budget constraints in the
financial market. Our formulation keeps the appealing market structure of Duffie et al. (2005)
but improves upon its stylized model of financial transactions by considering traders who face
standard budget constraints and use fiat money to purchase assets. These modifications make
the standard OTC formulation amenable to general equilibrium analysis, and deliver a natural
transmission mechanism through which monetary policy influences financial markets.

Our work is related to previous studies, e.g., Geromichalos et al. (2007), Jacquet and Tan

Y6This is a standard result in the monetary search literature, see, e.g., Berentsen et al. (2007).
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(2010), Lagos and Rocheteau (2008), Lagos (2010a, 2010b, 2011), Lester et al. (2012), Nosal and
Rocheteau (2013), that introduce a real asset that can (at least to some degree) be used along
with money as a medium of exchange for consumption goods in variants of Lagos and Wright
(2005). These papers identify the liquidity value of the asset with its usefulness in exchange, and
find that when the asset is valuable as a medium of exchange, this manifests itself as a “liquidity
premium” that makes the real asset price higher than the expected present discounted value
of its financial dividend. High anticipated inflation reduces real money balances; this tightens
bilateral trading constraints, which in turn increases the liquidity value and the real price of the
asset. In contrast, we find that real asset prices are decreasing in the rate of anticipated inflation.
There are some models that also build on Lagos and Wright (2005) where agents can use a real
asset as collateral to borrow money that they subsequently use to purchase consumption goods.
In those models, anticipated inflation reduces the demand for real balances which can in turn
reduce the real price of the collateral asset needed to borrow money (see, e.g., He et al., 2012,
and Li and Li, 2012). The difference is that in our setup inflation reduces the real asset price
by constraining the reallocation of the financial asset from investors with low valuations to
investors with relatively high valuations.

We share with two recent papers, Geromichalos and Herrenbrueck (2012) and Trejos and
Wright (2012), the interest in bringing models of OTC trade in financial markets within the
realm of modern monetary general equilibrium theory. Trejos and Wright (2012) offer an
in-depth analysis of a model that nests Duffie et al. (2005) and the prototypical “second
generation” monetary search model with divisible goods, indivisible money and unit upper
bound on individual money holdings (e.g., Shi, 1995 or Trejos and Wright, 1995). Trejos and
Wright emphasize the different nature of the gains from trade in both classes of models. In
monetary models agents value consumption goods differently and use assets to buy goods, while
in Duffie et al. (2005) agents trade because they value assets differently, and goods which are
valued the same by all investors are used to pay for asset purchases. In our formulation there
are gains from trading assets, as in Duffie et al. (2005), but agents pay with money, as in
standard monetary models. Another difference with Trejos and Wright (2012) is that rather
than assuming indivisible assets and unit upper bound on individual asset holdings as in Shi
(1995), Trejos and Wright (1995) and Duffie et al. (2005), we work with divisible assets and
unrestricted portfolios, as in Lagos and Wright (2005) and Lagos and Rocheteau (2009).

Geromichalos and Herrenbrueck (2012) is methodologically closer to our work. They extend
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Lagos and Wright (2005) by adding a real asset that by assumption cannot be used to purchase
goods in the decentralized market (as usual, at the end of every period agents choose next-
period money and asset portfolios in a centralized market). The twist is that at the very
beginning of every period, agents learn whether they will want to buy or sell in the subsequent
decentralized market for consumption goods, and at that point they have access to a bilateral
search market where they can retrade money and assets. This market allows agents to rebalance
their positions depending on their need for money, e.g., those who will be buyers seek to buy
money and sell assets. So although assets cannot be directly used to purchase consumption
goods as in Geromichalos et al. (2007) or Lagos and Rocheteau (2008), assets can buy goods
indirectly, i.e., by exchanging them for cash in the additional bilateral trading round at the
beginning of the period. Geromichalos and Herrenbrueck use the model to revisit the link
between asset prices and inflation. Their core results (they have several others) are similar to
those obtained in models where the asset can be used directly as a medium of exchange for
consumption goods, i.e., the asset carries a liquidity premium and higher inflation increases the
real asset price in the centralized market. There are relevant differences between our work and
Geromichalos and Herrenbrueck (2012). In our setup money allows agents to exploit gains from
trading assets (as in Duffie et al.) rather than consumption goods (as in the money literature),
which is why we find that inflation reduces asset prices. Also, we consider an OTC market with
dealers who act as intermediaries, which allows us to study the effect of monetary policy on
bid-ask spreads and dealers’ incentives to supply liquidity services—the dimensions of financial
liquidity that search based theories of OTC markets seek to explain.

The fact that the equilibrium asset price is larger than the expected present discounted value
that any agent assigns to the dividend stream is reminiscent of the literature on speculative
trading that can be traced back to Harrison and Kreps (1978). As in Harrison and Kreps, in
our model speculation arises because traders have heterogeneous asset valuations that change
over time: investors are willing to pay for the asset more than the present discounted value that
they assign to the dividend stream, in anticipation of the capital gain they expect to obtain
when reselling the asset to higher-valuation investors in the future. In terms of differences, in
Harrison and Kreps traders have heterogeneous stubborn beliefs about the stochastic dividend
process, and their motive for trading is that they all believe (at least some of them mistakenly)
that by trading the asset they can profit at the expense of others. In our formulation traders

simply have stochastic heterogeneous valuations for the dividend, as in Duffie et al. (2005). Our
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model offers a new angle on the speculative premium embedded in the asset price, by showing
how it depends on the underlying financial market structure and the prevailing monetary policy

that jointly determine the likelihood and profitability of future resale opportunities.

9 Conclusion

We have developed a model in which money is used as a medium of exchange in financial
transactions that take place in over-the-counter markets. We have used the theory to study
the role that money and monetary policy play in shaping asset prices and the performance of
OTC markets. In a monetary equilibrium, the asset price contains a speculative premium that
makes the price larger than the expected present discounted value that any agent assigns to
the dividend stream. We have also used the model to study the monetary and microstructure
determinants of standard measures of financial liquidity of OTC markets, such as the size of
bid-ask spreads, the volume of trade, and the incentives of dealers to supply immediacy, both
by choosing to participate in the market-making activity, as well as by holding asset inventories
on their own account. We have shown that there exist multiple equilibria as well as dynamic
equilibria that resemble expectation driven “market crashes” or “liquidity crises” in which
market liquidity suddenly dries up: dealers drastically reduce their market-making activity,
trade volume drops, bid-ask spreads widen, and asset prices fall abruptly. We have also shown
that high-inflation regimes are more prone to crises, and that when in a liquidity crisis, a low

inflation (low nominal interest) policy can help markets recover.
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A Proofs

Proof of Proposition 1. The choice variable a;,, does not appear in the Planner’s objective
function, so a;;, = 0 at an optimum. Also, (5) must bind for every ¢ at an optimum, so the

planner’s problem is equivalent to

max Z,Bt / eay (de) + (1 — a — 6) Eayy
[EngH

{atDyatI7atzb(z)7atI}t =0 t—(Q

+/B //]I{igb(i)} [EiQtib(i) (51’751)(@')) + 5b(i)th(i)i ({:‘b(i),&‘i)} dG (6,) dG (f‘:b(i)) di Yy
t

s.t. (2), (3), (6), (7) and ¢ ayr (de) < wvap + dayr.

[EL ’EH]

Let W* denote the maximum value of this problem. Then clearly, W* < W*, where

W* = max af[/// Ly max (,¢') 2ierdG () dG (<) di

{atp,asr 2 0120
+eg (U&tD + 5&”) + (1 - — 5) 5&t1:| ™ + w,
s.t. (3), where w = ﬁ [aep +deg + (1 —a—9)&] (1 — ) A%y and

535//111&}((6,5’) dG () dG (€) .

Rearrange this expression and substitute (3) (at equality) to obtain

W* = max Zﬁt{aHAs laep+deg+(1—a—08)e—enlay}my+w

{atl}t 04

= 1iﬁ{WEH—i-(1—7r)[aaB—i-ésH—i-(l—a—é)E]}yAs.

The allocation a;p = A®/v, a;; = 0, and Qyin(i) (€i,€b(i)) = H{gb(i)<5i}2at1 + I[{gb(i):&}ao, where
° € [0,2a4s], together with the Dirac measure defined in the statement of the proposition,

achieve W* and therefore solve the Planner’s problem. m

Proof of Lemma 1. Notice that (8) can be written as

WtD (ar) = ¢prar + WtD (0) (47)
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with W/ (0) given by (14). With (47), (9) is equivalent to

WP (ar) = max [¢7"a]" + ¢fa; + E(af" + peaf — 47" — pef) + pmai" + pss] + WP (0)

(lt ,(lt
where ¢ is a Lagrange multiplier on the budget constraint a;* + p:af < aj* + praf, and p,, and

1ts are the multipliers on the nonnegativity constraints a;* > 0 and a; > 0. The corresponding

first-order necessary and sufficient conditions for a;* and a; are

£+ + pm =0 (48)
—Ept + ¢F + s =0 (49)
§(af” + prai — " — peay) = 0. (50)

Clearly a;* = aj = 0 is the solution if and only if a}* = aj = 0, but more generally the solution
could take one of three forms: (i) us = 0 < fim, (9) pis = pm = 0, or (i) pm = 0 < ps.
In case (i), (48)-(50) imply a;* = 0, af = af + p%ai”, and p:o" < ¢f. In case (i), (48)-(50)
imply a* € [0,a" + piail], ai = af + p% (a* —a}"), and ¢f = pidy*. In case (ii1), (48)-(50)
imply aj = 0, " = ai" + praf, and ¢f < p;¢;*. The expressions for a;; and a;; in Lemma 1
follow from these three cases. The value function (13) is obtained by substituting the optimal

portfolio (a7}, as;) into (9). m
Proof of Lemma 2. (i) Notice that (11) can be written as

Wi (ar) = ¢pa, + W/ (0) (51)
where

W/ (0) =T, + max [5/%&1 (aty1,€) dG (€) — ¢yari1

arq1 ERi

s.t. ai+1 = (&ﬁl,ﬂa§+l + (1 — 7T) AS)
With (13) and (51) the problem of the investor when he makes the ultimatum offer becomes

—S m—=m S—S
_omax eyl + ¢ Qe + O]
A, 5 QA7 .5 ,Q a
ti* 7t * 0 td) td

s.t. a{?* + 6@ + pt(afi* + Efd) < a,@’; + a?fl + pt(afi + afd)
Ty + prayy > apy + pragy

—m =S —=m =S
at,L'* 9 at,L'* 9 atd7 atd 6 R+
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The corresponding Lagrangian is

L= (" + pi" — &) T + (ey + ¢ + i — Epr) Ty
+ (p+ pg' — &) Ty + (poe + pg — Epe) i + K,

where K = £ [a}} + afj + pi(af; + aiy)] — p (ay + pialy), & € Ry is the Lagrange multiplier asso-
ciated with the budget constraint, p € Ry is the multiplier on the dealer’s individual rationality
constraint, and ", pf, i, 1 € Ry are the multipliers for the nonnegativity constraints on @},

a3, Qyy, Gy, respectively. The first-order necessary and sufficient conditions are

A A (52)
ey+ i +p; —Epr =0 (53)
pt+pg —&=0 (54)
pp + pg —&pe =0 (55)
and the complementary slackness conditions
§{ai + afy + pilag; + agg) — (@ + T + pe(@pe +@g)]} = 0 (56)
p @ + P — (agg + pragg)] = 0 (57)
pi @i = (58)
piag- =0 (59)
fid g = 0 (60)
i, = 0. (61)

First, notice that £ > 0 at an optimum. To see this, assume the contrary, i.e., £ = 0. Then
(53) implies ey + ¢f = —pf < 0 which is a contradiction since ey + ¢§ > 0. If p > 0, then (57)
implies

Qi + Piliiq = g + Piaiy. (62)
If instead p = 0, then (54) and (55) imply p)' = & > 0 and p; = &p; > 0, which (using (60)
and (61)) in turn imply a;; = @;; = 0. This can only be a solution if a}j + piaj; = 0 (since
ayy + paa;; > ayy + praf; must hold at an optimum) in which case (62) also holds. Thus, we
conclude that (62) must always hold at an optimum (and with p > 0 unless a}} + p;aj, = 0).
Since £ > 0, (56) and (62) imply
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From (62) it is immediate that if a}j+piaj;, = 0, then @}; = @}, = 0. So suppose a}j+pia;, >
0. In this case ;' and pf cannot both be strictly positive. (To see this, assume the contrary,
ie., that p' > 0 and p > 0. Then (60) and (61) imply @} = @;; = 0, and (62) implies
ayy + praj; = 0, a contradiction.) Moreover, conditions (54) and (55) imply uf = pj'ps, so
w5 = pl = 0 must hold at an optimum. Hence when making the ultimatum offer, the investor
is indifferent between offering the dealer any nonnegative pair (a;y,@;;) that satisfies (62).

From (63) it is immediate that @} = @j;. = 0 if a} + praf; = 0. So suppose aj} + praj; > 0.
In this case p" and pf cannot both be strictly positive (if they were, then (58) and (59) would
imply @} =aj,. =0, and in turn (63) would imply a;} + praj; = 0, a contradiction). There are
three possible cases: (a) pf =0 < pf*, (b) pi = p* =0, or (¢) p* =0 < pf. In every case,
(52) and (53) imply

ey + OF + wi =P + pupi” (64)

In case (a), (58) implies @} = 0, (63) implies @}« = aj}/pt + af;, and (64) implies that ¢ must
satisfy € > e, where ¢} is as defined in (15). In case (b), (64) implies that ¢ must satisfy ¢ = &}
and the investor is indifferent between making any offer that leaves him with a nonnegative
post-trade portfolio (@}, a};«) that satisfies (63). In case (¢), (59) implies @j;;« = 0, (63) implies
apt = ay + paj;, and (64) implies that ¢ must satisfy € < ¢f. The first, second, and third lines
on the right side of the expressions for @y, @j;., ajy, and @;; in part (i) of the statement of the
lemma correspond cases (a), (b), and (c), respectively.

(7) With (13) and (51) the problem of the dealer when it is his turn to make the ultimatum

offer is equivalent to

o —max & [Gyge + g
Qg 5Oy s Oy g s A g
s.t. ay + apge + pe(@g; + @iy ) < ayp + afy + pe(ag; + aiy) (65)
oi'ag; + (ey + ¢F) @y > o' ay; + (ey + ¢F) ag; (66)

—-m =S —m =S
a;tz 9 atz7 atd* 9 atd* G R+.
The corresponding Lagrangian is

L= (¢ + g — E)age + (Gepe + 13 — Ep)Tge
+ (ot + " — )Ty + [p(ey + 67) + 1 — Epel @ + K7,
where K' = &[a}} + a} + pi (af; + ay)] — plof all + (ey + ¢7) aj;], € € Ry is the Lagrange

multiplier associated with the budget constraint, p € Ry is the multiplier on the investor’s
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individual rationality constraint, and g, i, u', py € Ry are the multipliers for the nonneg-
ativity constraints on @y}, @f;, @j., G;;., respectively. The first-order necessary and sufficient

conditions are

Gt g —€=0 (67)

Gipr + pig — Epe = 0 (68)

poit +pit —&=0 (69)
pley+ o) +p; —&pe =0 (70)

and the complementary slackness conditions

§{agi + aig + pe(af; + ajy) — @i + g + pe(af; + @i )]} = 0 (71)
ploi"ag + (ey + ¢7) ay; — (97" ez + (ey + ¢¢) ag]} = 0 (72)
pi'ay; =0 (73)

piag =0 (74)

pd @i =0 (75)

[q@gs = 0. (76)

First, notice that £ > 0 at an optimum. To see this, note that if £ = 0 then (67) implies

b + pyt = 0 which is a contradiction since the left side is strictly positive (¢¢ > 0 and py >0

in a monetary equilibrium). Hence, at an optimum,
a4 app + pe(@g; + a3y ) = apy + apy + pe(ag; + agy). (77)

Second, observe that conditions (67) and (68), imply p;ul)* = pj, so pl* and pf have the same
sign, i.e., either both are positive or both are zero.

If p =0, then (69) and (70) imply p/* = ¢ > 0 and pf = Epy > 0, which (using (73) and (74))
in turn imply @;} = @j; = 0. From the buyer’s individual rationality constraint (66) it follows
that this can be a solution only if ¢}"aj} + (cy + ¢7) aj; = 0, or equivalently only if a}} = aj;, = 0.
To obtain (a}}., @y, ), consider two cases: (a) pjj' = p3 = 0, in which case (@}, a};.) need only
satisfy @y, + piai = apy + piajy, or (b) pf > 0 and pfj > 0, in which case @} = @j; = 0,
which according to (65), is only possible if a}; = af;, = 0. It is easy to see that the solution

for case (a) can be obtained from the expressions for @}, @y;, @y, and @;;. in part (ii) of the
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statement of the lemma simply by setting a;} = aj; = 0, and the solution for case (b) can be
obtained similarly, by setting aj} = aj; = aj; = aj; = 0.

If p > 0, then (72) implies
iay + (ey + ¢7) ay = ¢ ag + (ey + 67) ag;. (78)

There are eight possible configurations of to be considered: [Configuration 1] uf = pl' = puf =
0 < p™. In this case (73) implies @ = 0. Conditions (67)-(70) imply u™ = (¢ — }) dry/ (ey + %),
and therefore £f < e. Then from (77) and (78) it follows that
_ Sy+o 1
as. — as. _|_ (t— _am
ti ti ey + (bf D ti
and (@j.,ajy;.) is any nonnegative pair that satisfies

(5_8?)y m

=m —=S m S
Ay g+ + DeQ7 g = Qg + Dy + Qg -
td td td td ey + o ti

[Configuration 2] p* = uf = pl' = pf = 0. In this case conditions (67)-(70) imply € = ¢, and
(77) and (78) yield

@y + pily; = ag + peay; (79)
Ty + Pilige = g + Prazy. (80)

Hence the dealer is indifferent between making any offer (aj},af;, @y}, a; . ) such that (aj},af;) €
R satisfies (79), and (@}, a3 ) € Ry satisfies (80). [Configuration 3| puf* = ' = pf =0 < pf.
In this case condition (74) implies @j; = 0. Conditions (69) and (70) imply pf = (¢} — ¢) yp,
and therefore € < ef. Then from (77) and (78) it follows that

ey + i

—m m
Ay = Qg + — Diay;
ey +¢f

and (@j.,ajy;.) is any nonnegative pair that satisfies

(5* —S)y s

—m —S m S t
Qyg+ + Ptlige = Qg + Ptayg + Dtay;.
ery + &}

[Configuration 4] p7' = pj =0, 0 < u* and 0 < . In this case conditions (73) and (74) imply
ay = ay; = 0, which according to (78), is only possible if aj} = aj; = 0. Then (a}}., @}, ) is any

nonnegative pair that satisfies (80). [Configuration 5] puf = 0 < p*, 0 < pl* and 0 < pf. In
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this case conditions (73), (75) and (76) imply @} = a3 = @j; = 0. Conditions (69) and (70)
imply € < e. Then from (77) and (78) it follows that the following condition must hold:

(e—e)y 1m
(e—e)y+pdy | pr

S m
Ay + —apq = —
Dbt

The term on the left side of the equality is nonnegative and the term on the right side of the
equality is nonpositive (since €f < ¢), so this condition can hold only if a} = a}j = aj; = 0.
Therefore (77) implies @j; = af;. [Configuration 6] p;* = u; =0, 0 < p’ and 0 < pfj. In this
case conditions (75) and (76) imply @} = @, = 0. Conditions (69) and (70) imply € = &7,
and in turn conditions (77) and (78) imply ay; + piaj; = 0, or equivalently, a}; = a7, = 0 must
hold, and (@;},@;;) is any nonnegative pair that satisfies (79). [Configuration 7] " =0 < p3,
0 < py and 0 < py. In this case conditions (74)-(76) imply @;; = @ = @;; = 0. Conditions
(69) and (70) imply € < ef. Then from (77) and (78) it follows that the following condition
must hold:

¢ (agg + prazg) = — (&7 — &) yay;.

The term on the left side of the equality is nonnegative and the term on the right side of the
equality is nonpositive (since € < €}), so this condition can hold only if ¢} (a}; + piai;) = af; =
0. Therefore (78) implies @} = aj?. [Configuration 8] 0 < ", 0 < pf, 0 < p and 0 < pfj. In
this case conditions (73)-(76) imply a}} = @;; = @y« = @}, = 0, which according to (77) is only
possible, and the only possible solution if a}} = aj; = a]; = aj; = 0. To conclude, notice that
the solutions for Configurations 1, 2, and 3, correspond to the first, second, and third lines of
the expressions for @y}, @y;, a}j., and @; ;. in part (ii) of the statement of the lemma. Similarly,
the solution for Configuration 5 corresponds to the first line of the expressions for @}, @y, @;}.,
and @, in part (i) of the statement of the lemma, with af = a}; = aj; = 0. The solution
for Configuration 6 corresponds to the second line of the expressions for @}, @j;, ay;., and @} ;.
in part (i) of the statement of the lemma, with a}j = af; = 0. The solution for Configuration
7 corresponds to the third line of the expressions for @}, @;, ayj., and @j;. in part (i) of the
statement of the lemma, with ¢} (a7} + praj;) = aj; = 0. Finally, it is easy to see that the
solution for Configuration 4 can be obtained from the expressions for @j;, ay;, @}., and @; . in
part (i7) of the statement of the lemma simply by setting a;} = af; = 0, and the solution for

case Configuration 8 can be obtained similarly, by setting aj; = aj; = ajy =aj; =0.m
Proof of Lemma 3. With (51) investor i’s problem when choosing his take-it-or-leave it offer
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to investor j reduces to

max [(eiy + ¢F) aj + ¢} afi]

G B0 5 5
st e +ap; < ap +ag;
ay- +ag; < ay; + ay;
ejyay; + ¢yl ay; + diay; > ejyai; + o ag; + ¢jag;

m S m S
Qv s Qv s Ay > Ay € Ry.

If ¢7* = 0, then gj;. = aj; and ay; = ag; (the bargaining outcome is no trade between investors
i and j) so suppose ¢ > 0 for the rest of the proof. The Lagrangian corresponding to investor

i’s problem is

L= (" +pi" — &) ag~ + (eiy + ¢f + pi — &%) ag-
+ (poi" + 1 =€) aif + [p(e5y + &) + 15 — €] aiy + K7,

where K" = ™ (ag} + af}) + % (ay; + af;) — plejyag; + ¢ af; + diaf;), §™ € Ry is the multiplier
associated with the bilateral constraint on money holdings, £* € R is the multiplier associated
with the bilateral constraint on equity holdings, p € R, is the multiplier on investor j’s indi-
vidual rationality constraint, and ", u7, u7*, pj € Ry are the multipliers for the nonnegativity
constraints on @y, @y, @iy, ai;, respectively. The first-order necessary and sufficient conditions

are

81
82

o +pi =€ =0 (81)

ey + i +p; —& =0 (82)
pdy" + it — €M =0 (83)
pejy+ ;) +u; —& =0 (84)
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and the complementary slackness conditions

85
86
87

§™(ag +agf — afe —aff) =0
§°(ay; +aj; —ap» —ag;) =0
plejyay; + &7 ar; + dray; — €jyay; — ¢i'ay; — diag;) =

(85)
(86)
(87)
1 agge =0 (88)
(89)
(90)
(91)

piag;- =0 89

witay; =0 90

If & = 0, (81) implies 0 < ¢f* = —p” < 0, a contradiction. If £ = 0, (82) implies

0 < ey+ ¢ = —p <0, another contradiction. Hence £ > 0 and £° > 0, so (85) and (86)
imply

ap + a4y = ag + ajj (92)

ag« +ag; = ag; + ay;. (93)

If p=0, (83) and (84) imply p* = ™ > 0 and pj = £ > 0, and (90) and (91) imply
aj7 = ai; = 0. From investor’s j individual rationality constraint, this can only be a solution
if @i} = aj; = 0, and if this is the case (85) and (86) imply (aj},aj«) = (aff,af;). Hereafter

suppose p > 0 which using (87) implies
oiary + (€5y + df)ag; = o' aff + (€5y + ¢F)ag;- (94)

If 1" > 0 and p* > 0, (88) and (90) imply aj. = aj} = 0 which by (92), is only possible if
ay; = aj; = 0. But then (94) implies af; = a;, and (93) implies aj;. = af;. Similarly, if 47 > 0
and pi >0, (89) and (91) imply a;;. = aj; = 0 which by (93), is only possible if aj; = a3; = 0.
But then (94) implies @i} = af}, and (92) implies g = af}. If " > 0 and p7 > 0, then (88)
and (89) imply a}. = af,« = 0, and according to (92), (93) and (94), this is only possible if
ay; = ay; = 0. Conditions (92) and (93) in turn imply (i}, aj;) = (af}, af;). Similarly, if p7* >0
and pj > 0, then (90) and (91) imply aii = ai; = 0, and according to (94) this is only possible
if a} = af; = 0. Conditions (92) and (93) in turn imply (af, af;+) = (ai}, ay;). So far we have

simply verified that there is no trade between investors ¢ and j, i.e., (aj’,af.) = (a}},a;) and
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(gg?,gfj) = (ag,afj), if aff = aj} =0, or ag; = a3; =0, or a} = af; =0, or aj} = aj; = 0. Thus
there are seven binding patterns for (u]", uf, wi, [L;) that remain to be considered.

(1) wi* = p; = pj* = pj = 0. Conditions (81)-(84) imply that this case is only possible if
ei = €5, and conditions (92), (93) and (94), imply that the solution consists of any pair of post

trade portfolios (aj%, af;«) and (Q?}, ij) that satisfy

gy + ¢f
Q?} = a?; - ¢m (afz - in*)
t
g5y + &f
_ &Y+ P
agi = ay; + ——— P (af; — agi»)
¢
ay; = ay; + aj; — aj

aj;« € |aj; — min 0" ———a}y,a3; | ,aj; + min gbt ay,a;
=te* te £y +¢s tgr Yty | o Y Y+ ¢s Qi s ty
(id) p; = pj" = pj = 0 < . Condition (88) implies aji. = 0, and from (92) we obtain

a;} = ap + aj}. Then condition (94) yields

_ m

S
=7 t] S tZ
gjy + ¢f

and condition (93) implies
</5t o
+ ¢S tZ :

Notice that pj = 0 requires ay; > 0 which is equlvalent to

age = ag; +

i'a; < (g9 + ) agj-

Conditions (81)-(84) imply puf* = (e; —€;) y%, so pi" > 0 requires €; < €.
(id) pi* = p* = p; = 0 < pj. Condition (89) implies a7, = 0, and from (93) we obtain

ai; = ay; + af;. Then condition (94) yields
gy + 9
t
and condition (92) implies
5y + &}
i
Notice that p7* = 0 requires g;7 > 0 which is equivalent to

(ejy + ¢f) aj; < ¢ ay;.

o1



Conditions (81)-(84) imply uj = (¢ —€;) y, so u > 0 requires €; < €.
(iv) p* = pi = pj = 0 < pf'. Condition (90) implies a7} = 0, and from (92) we obtain
apt = ay! + ajj. Then (93) and (94) imply

)

o
S S m
a;; = Qy; + —————Qy;
=tj tj . s tj
€5Y +¢t
o
S S m
Qi = Qg — —— < Qg5
g5y + &

Notice that p = 0 requires ay;« > 0 which is equivalent to

¢t ary < (Y + ¢7) aj;.

.

Conditions (81)-(84) imply p* = (g; — &;) y%, so pi* > 0 requires g; < €;.
(v) p* = pi = pj* = 0 < pj. Condition (91) implies af; = 0, and from (93) we obtain
ag; = ag; +aj;. Then (92) and (94) imply

m Ejy+¢§as

m o __
Qi = aj +

tj qb;n tj

™ m _ 5jy+¢fas.

Stix — Uy ¢m ty*
t

Notice that p!™ = 0 requires aj’x > 0 which is equivalent to
(gjy + ¢F) af; < ¢ ay.

Conditions (81)-(84) imply pi = (g; —€5) y, so pj > 0 requires €; < &;.
(vi) ", p; € Ry and pf = pf' = 0. In this case, conditions (88) and (91) give ajf =
ag; = 0, and (92) and (93) imply a7} = aj} +af} and af;. = af; +aj;. Condition (94) implies the

following restriction must be satisfied
iai; = (g9 + ¢})ai;-

Conditions (81)-(84) imply 1" = (p — 1) 67" and g3 = (55 — £3) y—(p — 1) (5 + 65), 50 42" > 0
requires p > 1, and uj requires €; < &;.

(vit) " = p; = 0 and pf, p" € Ryy. In this case, conditions (89) and (90) give aj;. =
ai =0, and (92) and (93) imply @i} = aj} +af} and aj; = a; + af;. Condition (94) implies the

following restriction must be satisfied
i ay = (g9 + ¢} ai;.

52



Conditions (81)-(84) imply p" = (1 — p) ¢{" and i = (g; — i) y— (1 — p) (g;y + ¢%), so u* > 0
requires p € (0,1), and pf > 0 requires ; < ;. W

Proof of Lemma 4. (i) With Lemma 1, (10) becomes
VP (@i ai) = n0 [ O + iy — (ol -+ i) B (o)

+r(1-10) / Ot [@e + prasy. — (afy + pragy)] dHy (g, €)

+ ¢t (afy + pragy) + WP (0)

where we have used the more compact notation introduced in Lemma 2, i.e., E,’fi* = Ef’* (ati, atq, €5 ,),
=k — =k . =k — =k . =k — =k . _
ay; = (i, arg, €;%,), G = @7 (G4, Qra, €3 9;), and @pe = Tu (G4, Gra, €3 9), for k = m, s. Use

Corollary 1 to arrive at

D _ - (ef —9)y (e—¢f)y
V7 (agg, agg) = k(1 —0) /¢>t []I{Ka;}mptafi +H{6;§€}Wa?} dH¢ (ay;, )

+ ¢ (afy + pragy) + WP (0)

where [;..+} is an indicator function that takes the value 1 if ¢ < &f, and 0 otherwise. To
obtain (17), use the fact that dH; (a,c) = dF{ (ay) dG (¢).
(7) With (51) and the notation introduced in Lemma 2 and Lemma 3, (12) becomes

Vi (et aiie) = 80 [ 0 @ — alf) + e+ 60) (@ — ai)) dFP (an0)
L6(1—0) / O @ — ) + (e + &) @ — a3)] dFP (ana)
ta / (e e)) [0 (s — aft) + (i + 67) (e — a3)] dH, (auy, <))

+a / 1= i (o)) 67" (a2 — ) + (e + &) (s — a3y)] dH (arj, ;)

+ ¢a + (siy + @) ag; + W (0).

Use ) (gi,€5) = nlje; ey +(1 —n) Iie, <3 +(1/2) I, — ;3 and substitute the bargaining outcomes
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reported in Lemma 2 and Lemma 3 to obtain

M
Y+ of

+ 0477//]1{63-@2.} [—Gﬁ?" min {pf(e;)a;, ag; §

+ e otymin {58ty i } | (a) a6 )
a (=) [ [ ooy o min (pe(es o)
(et o) min { 7.t} | (@) 46 ()

+ ¢ al + (eiy + ¢5) af; + W (0). (95)

th (a?ia a’?ﬂ EZ) 66H{5t <51} + 59H{€Z<€ 1 (€ ( €i) ya?i

From (11), we anticipate that as in Lagos and Wright (2005), the beginning-of-period distri-
bution of assets across investors will be degenerate, i.e., (afi;,a71;) = (AT, 1, Ay, ) for all

j €Z,s0 (95) can be written as (18). m

Proof of Lemma 5. With Lemma 4, the dealer’s problem in the second subperiod of period
t, (14), becomes

WtD (0) = max { 5<75t+1 ¢?L)&Zlf1 + [/37T$t+1pt+1 - ¢f]a§+1} + /3V£1 (0). (96)

at+1€ +

From (18),
/Vt{l-l (aﬁ-la agi1s 61) dG (i) = ¢{1 1051 + / (5z‘y + ¢f+1) ai1dG (gi) + WtI—H (0)

(ei—ef1) Yy
+ 69/H{€:+1§52}m¢t+1at+ldcz (61)

+ 69/]1{61.@;“} (6741 — &i) yai 1 dG (&)

+0”7/{ o7y v } / §?+—¢jﬂ¢t+lat+ldG(5@)dG(6J)

It+1

1

Pr11%% 41 s
a5 Py
+w/[”“ y/@rqm%HM@mmm
Ej

+a(l-n) /V%A”H g }

t+1

(g5 —¢€i)y
—_— AT11dG (&) dG (g5
| e AR dG () 4G ()

1
v
¢t+1 P41 AT
—Piy1
aii1

+a(-n) [ %/ ) — &) Yai G () dG (2))
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so the investor’s problem (11) can be written as in (51), with

(1 1 59/]1{5%1@1}@6@ (&)

Wl (0)= max { —¢a", +p
! a s €iY + i

aﬁl eRy

+ 0”7 oM gMm
tH1%H1 s
AS t+1
It+1

¢t+1 i1 g
AT t+1

(ei—¢j)y
/ de (:) dG (g;) > PYr1ai1

1
y

’ / (65 — &) ydG (1) G (<) Ay

J

+ an

( [ G+ 6t0) dG )

+ 59/H{6¢<6IH} (5?+1 - 5%’) ydG (gi)

df+1 eRy

+ max {—¢fa§+1+,8

¢t+1 Ti+1 —g%,

+a(t-n) [ [y /Ej<ej—e»de(a)dG(sj))afﬂ

Y (ej—Ei)y
+a(l— / / dG (;) dG (g;) ¢, A™
( 1) M ¢§+1H ejyjuqstﬂ (i) (e5) ¢i1 AT

}

ST AW (0), (7

t+1

where aj, | = maj, | + (1 —m) A°. The first-order necessary and sufficient conditions for op-
timization of (96) are (19) and (20). The first-order necessary and sufficient conditions for

optimization of (97) are (21) and (22). m

Proof of Proposition 2. In a stationary equilibrium, the dealer’s Euler equations in Lemma

5 become

y=> B, “="if a4 >0

B
s> * «
¢ - 1 _/67_[_5 y7

=7 if @5, > 0.

The maintained assumption v > ( implies @} ,; = 0. Similarly, in a stationary monetary

equilibrium the investor’s Euler equations in Lemma 5 become

1+59/6HMdG( )

v=3 * e

el y
+a77/ /] €Jy+¢>s ————=dG (&;) dG (&) (98)
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8*
02 T2 e dt [ - e)dG e) +all-n)e ()| v
1- BT‘- £r
where ¢¢ = [Z/A5 — ¢°] Jy, p(e) = f€L f (ej — €i) dG (g;) dG (&), and the second condition
holds with “=" if af,,;, > 0. Together, the dealer’s and the investor’s Euler equations for equity
imply
s Bﬂ- * = a * c
¢° = max{ €°,& + 60 (" —&))dG (g;) + a (1 —n) ¢ (£°) p y. (99)
1-— ﬁﬂ- €L

As v — 3, (98) implies

359 / +¢Sde & +an/6H/J €]y+¢sde(gz)dG( e) — 0,

a condition that can only hold if ¢* — ¢y and ¢ — eg. The fact that €* — ey means that
among investors who contact dealers, only those with preference type €g purchase equity. The
fact that e — ey implies that in bilateral trades between investors, the investor with the higher
valuation purchases all his counterparty’s equity holdings (the investor who wishes to buy is
never constrained by his real money balances as v — (3). Finally, as v — S,

pr__
1—Br HY

@° — max{eg,e+00(cg —&)+a(l—n)p(ey)ty =

B
1-p8n

so aj, 4 = A® for all ¢, i.e., only dealers hold equity overnight. m
Lemma 6 Consider 4 and 7 as defined in (23). Then 4 < 7.

Proof of Lemma 6. Define I' ((): R — Rby I'(¢) = 8[1 4060 (1 — 87) ¢]. Let ¢ = %
and ¢ = m so that 4 = T'(€) and 4 = I'({). Since T is strictly increasing, 4 < 7 if

and only if { < (. With (24) and the fact that & = JiledG (e) =en — 21 G (e) de,

S G(e)] da

(=
€+(59f G (e
so clearly,
N e 1 e C )
¢ < B =z <.

Hence ¥ < 7. m
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Lemma 7 In a stationary equilibrium, the interdealer market clearing condition A%, + A3, =

A, + 0A3, is equivalent to

7 €H 7
59[1—G<5*)]< ?+W>+5(1_9)/* [ §+Ey+¢s}de<5)— S 4 8A3.

Proof of Lemma 7. Use § = kv in A%t + fl?t = A%, + §Aj, to obtain

0 / {65 (@4 (@i, awa, €5, ;0] + T (@i, ara, €:9,) Y AFP (awa) dFY (ay) dG ()
+(1-06) / {65 [@a+ (ati, aua, €:,) 30,) + @5 (@, ara, €5,) } AEP (awa) dFY (ar) dG (e)
~ [ atatr? (@ + [ aard (o) + B2 [laty - i@ w ) aP (@) (o0

Since ¢§ = ¢° < e*y + ¢° = ¢° = pyd}" in a stationary equilibrium, Lemma 1 implies

(g [@q (ati, ara, € 9;) s ] = ag [Ga- (ari; awa, €59,) 5] = aglaga; ;) = 0. (101)
With (101) and the fact that [ a3,dF{ (ay) = A and v [ a5, dFP (aq) = A3, (100) becomes
1
T+ SA“;) = 9/529*((1&’ Qtd; €; lbt)dFtD (ata) dFtI (@) dG (¢)

+(1—6) / T (@i, @, &) AFL (ag) dE (a) dG (2) (102)

From Lemma 2,

_ 1 _
3% (s, avas 3 900) = Lo ey ( T ;m) Ly
e*y + qSS) 1

e —CLZL] + ]I{EZE*}Ef

azs(ati’ aid, €; ,l,bt) - ]I{E*<€} |:a’§7, —+ < o

where @.,@; € [0,a;, + a}} /pt], so (102) becomes

1 1 en ey + %\ 1
A+ <A =0[1-G(e" 7+ =A% +1—9/ [s+(—>— m]dGs.
4 34h =00 - GE (a1 + -an ) + 1 -0) [ g+ (S50 ) Sap a6 o

Finally, use p;¢* = ¢° = £*y + ¢° to arrive at the expression in the statement of the lemma. m

Proof of Proposition 3. In an equilibrium with no money (or no valued money), there is
no trade in the OTC market. The first-order conditions for a dealer d and an investor 7 in the

time-t Walrasian market are

@i = Brgiyy, =" 1 ag 4 >0

¢f > B (ey + ¢7q), “="if agyqy; > 0.
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In a stationary equilibrium, ¢7/¢7,; = 1 > /3 so no dealer holds equity. The Walrasian market

for equity can only clear if ¢* = 5 5 gﬂéy. This establishes parts (i) and (7) in the statement

of the proposition.

Next, we turn to monetary equilibria. With o = 0, in a stationary equilibrium (19)-(22)

become

v B, C="0fa >0 (103)
¢° > pre®, “="ifag, 4 >0 (104)

5[ f‘iH[l—G(e)Jde] -
1>5 |14 60y== L= am >0 105
~ Yy Sy + o° t4+1 ( )

B & o~
& > &4 50 / G(e)de|y, =" i,y > 0. (106)

1- /Bﬂ- 559

(In (103) we have used the fact that ¢° = e*y + ¢* > ¢°.) Under our maintained assumption
B < v, (103) implies @}, = Zp = 0, so (105) must hold with equality for some investor
in a monetary equilibrium. Thus in order to find a monetary equilibrium there are three
possible equilibrium configurations to consider depending on the the various binding patterns
of the complementary slackness conditions (104) and (106). The market-clearing condition,
/_XSDt + Ajt = A}, + 6Aj, will apply to all three configurations. Lemma 7 shows that this

condition can be written as

Z en A
59[1-@@*)}( §+m>+5(1—9)/* (A§+€y+¢s>dG(e): S 4643, (107)

and this condition can be rearranged to deliver (26). Hereafter the proof proceeds by construc-
tion, in three steps.
Step 1: Try to construct a stationary monetary equilibrium with af, ,; = 0 for all d € D,

and aj, ,; > 0 for some i € Z. The equilibrium conditions for this case are (107) together with

° > Brd® (108)
_ B JE L =G ()] de
1= » [1 + 80y T & } (109)
B

¢ =

g+ 60 /6* G (¢) de] Yy (110)

€L

1—p3n
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ayy1g = 0 for all d € D (111)
ayyqy; > 0, with “ > for some i € 7 (112)
a3y 19 =0 for alld € D (113)
agyq; > 0, with “ > for some i € 7. (114)

Conditions (109) and (110), are to be solved for the two unknowns: €* and ¢®. Substitute (110)
into (109) to obtain

M1-G(e)d
1= P 1540 Il ()] de (115)
0l e* + lfgﬂ [5‘—1—60[; G (e) da}
which is a single equation in €*. Define
11— G(e))d -
T (z) = fﬂf [ B(E)J £ _1 5 (116)
5%+ 1_gﬂT (x) B8
with
T
T(m)ze‘—az+59/ G (¢) de, (117)
€L

and notice that €* solves (115) if and only if it satisfies 7' (¢*) = 0. T is a continuous real-valued

function on [er, eg], with

E—¢r v— B

T (er) = - ,
2 er + 1258 B0
T (ep) = —% <0,

and

- [1-G@){a+ 2% [s+00 2 Gle)de] b+ [ 77 1-G(e)ae] {1+ 1252006 () }
{x+% [§+59 fExL G(s)ds] }2

Hence if T'(er) > 0, or equivalently, if v < 4 (with 7 is as defined in (23)) then there exists

< 0.

T (z) =

a unique £* € (er,epq) that satisfies T'(¢*) = 0 (and €* | e as v | 7). Given £*, ¢° is
given by (110). Given £* and ¢°, the values of Z, ¢°, ¢* and p; are obtained using (26)
(with A7 = A% and A}, = 0), (27), (28) and (29). To conclude this step, notice that for this
case to be an equilibrium (108) must hold, or equivalently, using (??) and (110), it must be
that 7' (¢*) > 0, where T is the continuous function on [ez,ey] defined in (117). Notice that
T' () = — [1 — 660G ()] <0, and T (ey) = — (1 — 60) (e — &) < 0 < & — e, = T (1), so there
exists a unique € € (e, ep) such that T () = 0. (Since T'(£) > 0, and T" < 0, it follows that
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£ < &) Then T (z) < 0 implies T (*) > 0 if and only if £* < &, with “=" for &* = £&. With
(116), we know that e* < £ if and only if 7' () < 0 =T (¢*), i.e., if and only if

50 (1—B) [T"[1 =G ()] de

15}

Be+(1—B)é+ 800 [5G (e)de

611+ <.

Since 7' (&) = (1 —06) (6 — £) + 60 JE"[1 =G (g)]de = 0, this last condition is equivalent to
4 < =, where 4 is as defined in (23). The allocations and asset prices described in this step
correspond to those in the statement of the proposition for the case with v € (9, 7).

Step 2: Try to construct a stationary monetary equilibrium with aj ;> 0 for some d € D,
and a7, ;; = 0 for all i € Z. The equilibrium conditions are (107), (109), (111), (112), together
with

¢° = prg’ (118)
S ,87[' = < ” L ~S
¢° > g+ 00 G(e)de|y, “="if aj ; > 0. (119)
1- /Bﬂ- £r
a3y 19 > 0, with “ > " for some d € D (120)

The conditions (109) and (118) are to be solved for e* and ¢°. First use ¢° = e*y + ¢* in (118)

to obtain

fr .

¢ =< —5 (122)

Substitute (122) in (109) to obtain
B 60 (1 —Bm) [ZF 1 — G (¢)] de

1=—|1 123
Ak = (123)
which is a single equation in €*. Define
1-— “H1-G(e))d —
Ry LA 1 - GEldE -5 o

T YY)
and notice that ¢* solves (123) if and only if it satisfies R (¢*) = 0. R is a continuous real-valued
function on [er, epg], with
(1—pm)(E—er) r=8
€L, [0
2B
B66

R(er) =

R(enm) =

60



and
R(2) = 1-G ()] —|—1fm 2[1 — G ()] de
17,87rx

< 0.

Hence if R (1) > 0, or equivalently, if

v<pB |1+

60(1—pm)(E—cr)] _ o
€L =7
then there exists a unique ¢* € (er,ep) that satisfies R(¢*) = 0 (and * | €1, as v T 7°).
Having solved for €*, ¢* is obtained from (122). Given ¢* and ¢°, the values of Z, ¢°, #7* and
p¢ are obtained using (26) (with A} = A® — A7 = wA%), (27), (28) and (29). Notice that for
this case to be an equilibrium (119) must hold, or equivalently, using (122), it must be that
T (¢*) < 0, which is in turn equivalent to & < £*. With (124), we know that £ < ¢* if and only
if R(e*) =0 < R(é), i.e., if and only if
60 (1 —pBrm) [27[1—G ()] de

< B |1 ,
v< B |1+ F

which using the fact that T(é) = 0, can be written as v < 4. To summarize, the prices
and allocations constructed in this step constitute a stationary monetary equilibrium provided
v € (B,min (%,7°)). To conclude this step, we show that 4 < 7 < ~°, which together with
the previous step will mean that there is no stationary monetary equilibrium for v > 4 (thus
establishing part (77) in the statement of the proposition). It is clear that 7 < 7°, and we know
that 4 < 4 from Lemma 6. Therefore the allocations and asset prices described in this step
correspond to those in the statement of the proposition for the case with v € (3, min (§,7°)) =
(8,9).

Step 3: Try to construct a stationary monetary equilibrium with a; _,; > 0 for some d € D,
and a;, ,; > 0 for some i € Z. The equilibrium conditions are (107), (109), (110), (111), (112),
and (118) with

agyq; > 0 and af, 1, > 0, with “>” for some ¢ € 7 or some d € 7.

Notice that €* and ¢° are obtained as in Step 2. Now, however, (110) must also hold, which
together with (122) implies that

*

0=e‘—6*+69/ G () de

€L

61



or equivalently, (since the right side is just 7' (¢*)), that * = &. In other words, this condition
requires R (&) = T (¢), or equivalently, we must have v = 4. As before, the market-clearing
condition (26) is used to obtain Z, while (27), (28), and (29) imply ¢°, ¢/, and p;, respectively.
The allocations and asset prices described in this step correspond to those in the statement of
the proposition for the case with v = 4.

Combined, Steps 1-3 prove part (iv) in the statement of the proposition. Part (v)(a) is
immediate from (110) and (116), and part (v)(b) from (122) and (124). m

Corollary 2 The marginal type, €*, characterized in Proposition 8 is strictly decreasing in the

rate of inflation, i.e.,%—s; < 0 both for v € (8,%), and for v € (%,7).

Proof of Corollary 2. For v € (5,%), implicitly differentiate R (¢*) = 0 (with R given by
(124)), and for v € (9,7), implicitly differentiate T (¢*) = 0 (with T given by (116)) to obtain

*

Oe* _659(17&)[12@(5*)“7,5 ifg<y<y
7 =) - 360 [ZH [1-G(e)]de 4 < <n
! (1500|2804 ZEET 15 '

Clearly, 0e*/0v < 0 for v € (3,%), and for v € (¥,7). m

Proof of Proposition 4. With § = 0, in any stationary equilibrium the Euler equations for

a dealer d obtained in Lemma 5 reduce to

v > B, with “="if a7 ;>0

¢* > pre®, with “ =" if a1, > 0.

The maintained assumption v > 5 and the fact that the equity will be valued in any equilibrium
imply ai’t ;= a’},; = 0 for all d € D. Since dealers are inactive in any stationary equilibrium,
we focus on investors for the remainder of the proof. In an equilibrium with no money (or no
valued money), there is no trade in the OTC market. The first-order condition for an investor

7 in the time-t Walrasian market is

¢; = B (8y + ¢j1a) , =" if Gy > 0.

In a stationary equilibrium the Walrasian market for equity can only clear if ¢° = 1 f gﬂ €y. This

establishes parts (i) and (i) in the statement of the proposition. In a stationary monetary
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equilibrium the Euler equations for an investor obtained in Lemma 5 reduce to

v =B {1 +an /H /H %dG (e1) dG (ej)} (125)
¢° = 1 6B7r [£+a (1—-n / / i) dG (g;) dG (EJ)} (126)
where - [A% ) ﬂ é .

Condition (125) can be substituted into (126) to obtain a single equation in the unknown &€,

namely T (¢°) = 0, where T : [ef, 5] — R is defined by

” I, dG (g;) dG (g, - 9.
) = fom | / (46 () dG () +5 =

a—i—a (1-n fSL fEL ej—e;)dG(g;)dG(g5)

Notice that T (ey) = 8 —v < 0 and
= €H CH € —&j
T(er) = ﬂcm/ / S 4G (e) dG () + B — .
€ ej &y + WE
so since T is continuous, a stationary monetary equilibrium exists if v < 4 with 4 defined as in
(33). In addition,

_ EH
T () = - [ﬁom / G (¢ 6 (<)

Boz (1 —mn) [H [H (sﬁs])f (e°—€)dG(e) G’ (e°)
L / / = dG () dG ()

1—pm +¢°/y)*
is negative, so a stationary monetary equilibrium exists if and only if v < %, and there cannot
be more than one stationary monetary equilibrium. Condition (34) is just (126), condition (36)
is T (¢°) = 0, and (35) follows from (127). This establishes parts (ii) and (iv). Part (v) is

immediate from (36). m

Proof of Proposition 5. Recall that d¢*/0v < 0 (Corollary 2). (i) From (25),

0¢° B L Det
57 = 1_ g Wp<rsn) +lgyan00G (1) yp— < 0.

(ii) Condition (27) implies d¢* /9y = (9* /0) y+0¢* /v < 0. (iii) Differentiate (26) to obtain

07 G+ 6/ e o) +00-Ge) (4 555 ) +01-0) 3 [ (2555) 06|
5 = 0% A5 ToG () A5 > 0.

(128)
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Hence 0Z/0vy = (0Z/0*)(0e*/0y) < 0. From (28), 9¢7" /0y = (1/A]*) 0Z /0y < 0. m

Proof of Proposition 6. First, notice that 9e¢/0y = 1/T" (¢°) < 0, where T (-) is the mapping
defined in the proof of Proposition 4. (i) Differentiate (34) to obtain

d¢° P
oy 1-Pr

¢ c

a(l—n)G (&) /€ (e° — &) ydG (g;) %_87 <0.

€L

(i) From (35), 0Z/0y = [(0e°/0y)y + 0¢°/0y] A® < 0, and since Z = ¢f* A", I /0y =
(0Z/0v) (1/A7) < 0. m

Proof of Proposition 7. From condition (30),

Je* — :(SL@B [8 + /Bﬂ (8 —¢ )]I{’Y<’Y}] >0 (129)
0(00) B0 (1—pm)[1—G(e*)]+ (v —B) {1 + B [060G (e*) — 1] ]Iﬁ<7}}
(i) From (34),
s _Bm 0 0 if 8 <A
o¢0° | TEmaemY > Bh<y=7
3 (06) a)da+59G(€*)%]y>0 it 5 <y <7

(i) From (27), 8¢°/0(00) = [0*/0(60)]y + 0¢°/0 (60) > 0. (iii) For v € (4,%), (26) im-
plies 0Z/0§ = (0Z/0e*) (0e*/0d) > 0 (the sign follows from (128) and (129)), and therefore
Ip7r /00 = (0Z/06) (1/A7*) > 0. m

Proof of Proposition 8. Implicit differentiation of T (¢¢) = 0 implies

1—8m 1—8m s
c Jeu pem PO —ep)|-pmeime] 5dG(e:)dG(e;)
Oe i {-pm)e;+Brletal—n)p(e )]} >0
an(l—pn)(e;—¢;) Bran(1—n)(1—B7)(e;—c;)@’ () !
806 f ¢ (1- Bﬂ)55+ﬂﬁ[s+a(1 ]”])(p(é‘c)] G(el)G’ )+f€H fEH 1 2 dG( )dG(EJ)

€J {(1 Bm)ej+Bm[E+a(l—n)p(eC) ]}

(i) Differentiate (34) to arrive at

0¢* (1l — < 9e*
=T e o [ @ -a)ig e v

€L

(i) From (35),

0z _ (0 o
oo~ \9a’ " Ba
and since Z = ¢7* A7, it follows that 0¢}"/0a > 0. m

>A5>O
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Proof of Proposition 9. (i) The result is immediate from the expression for A}, in Proposition
3. (i) From (23) and (24),

509 =0~ A\ e /(; =0}

Notice that 94/0 (60) approaches a positive value as §6 — 0, and a negative value as 660 — 1.

Also, 4 — 8 both when 0 — 0, and when 60 — 1. Hence v > 8 = limgg_o ¥ = limgg_.1 7 for a
range of values of 6 close to 0 and a range of values of §6 close to 1. For those ranges of values
of 06, A7, = 0. In between those ranges there must exist values of §0 such that v < 4 which
implies A7, > 0. m

Proof of Proposition 10. (i) Differentiate (37) to get
oy Oc*

= 26G" AS — A3
> G (%) ( TADH)— o <0,
where the inequality follows from Corollary 2. (i) From (37),
oV _ ! % s
50 = 20G" () (A® — wA3,
15)% . % / s As
%—Q[G(E)—HSG( ) 5 (A —TAD)

and both are positive since 0e* /9 (06) > 0 (see (129)). m

Proof of Proposition 10. Rewrite V as

V = A’ ) {n[1 =G (&)]+ (1 —n)G ()} dG (&)

€L
EH C S
ot [Tnl- G+ 1= 6 ) ESa6 @),
Differentiate to obtain
W s [ - D [yt g0 |
=t [T -G e+ -6 o | 2D e e,

where

yA® > 0 for g; > €.

9 [ey+¢°] ey+¢ + (e —e9) %
Oe¢ [Ez’y + GA N (eiy + 0°)°
Hence, 9V/de® > 0. Thus V/dy = (9V/0=°) (9e°/Dv) < 0, since 9e¢/dy < 0 (see proof
of Proposition 6), which establishes (i). For part (ii), simply notice that 0V/da = V/a +
(OV/0e°) (8¢ /D) > 0. m
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Proof of Proposition 12. (i) For § <y <4, 0P/0y = [fn/ (1 — Bm)]y(0e*/0y) < 0, and for

F < <7, 0P[Oy = [Br/(1—pn)]60yG (%) (0*/0vy) < 0. (ii) For f < v <4, OP/0(d0) =
B/ (1 — pnm)]y(0e* /0 (06)) > 0, and for y < v < 7, IP /0y = [Br/ (1 — )] {d0G (¢*) [0* /0 (60)]|+
f;; G(e)dely > 0. m

Proof of Proposition 13. (i) dP/dy = [B7/ (1 — A7) ya (1 —n) ¢ () (0 /dy) < 0. (i)
OP/da = B/ (1 — Bm)] (1 —n)y {aw' () (9=°/0a) + ¢ ()} > 0. m

Lemma 8 In any equilibrium, the free-entry condition (42) can be written as (43).

Proof of Lemma 8. With (14), the left side of condition (42) can be written as

D
max BV (s afy) — (67ahy + dfaiy)] — k.
(a7i1.0i;1)€RY

And with (17), this last expression becomes

max [(Bdrs1 — &) @ity + (Bdrrapii1 — 6f) afyq] + BViR (0) — k, (130)

(afy1.a5,,)eRY

where

VE1(0) = & (vi41) (1 — 0) b

. AI €41 (5;‘_‘_175)3; pe (5) +MI €H (578;_,,_1)de (E)
t+1¢ 41 eF Ui t+1 . ey+o;

€L €it1

+ max { W/, (0) — k,0},

is as in Lemma 4, except for the last term, which reflects the fact that the dealer has to bear
cost k in order to participate in the OTC market of the following period. In equilibrium, the
dealer optimization (conditions (19) and (20)) implies
max [(Bors1 — o) afty + (By1pes1 — &) ajq] = 0.
(apiyaiy,)eRY
Also, (42) implies max {W}}, (0) — k,0} = 0. Hence (130) reduces to ®;41 — k, with ®;41 as
defined below (43). m

Proof of Proposition 14. The choice variable a}, does not appear in the Planner’s objective
function, so a};, = 0 at an optimum. Since (40) must bind for every ¢ at an optimum, the

planner’s problem is equivalent to

WH* = max Y f {5 (Ut)/[ ]E.WQI (de) + [1 =6 (ve)] yarr — k‘vt+1}
€L€H

= ~ /
{UtaatDvatfvat[}t:O t=0
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subject to (6), (7), (38) and (39). Clearly, f[eL en] eyay; (de) < epy and (39) must bind at an
optimum, so W** < W**, where

W = max Y B'{[viarp + 6 (v) aur emry + [1 = 8 (ve)] éyasr — kv }

fonden 20 2
= e S+ 0 =m0 )+ 15 0]
(=00 e~ B myir — i)
= o S0 (fren + (1) (3 ) e + 10 )}l A" — b}

{vi}iZo t=0
0o
=Y 8 {lmen + (1 =) {6 (v} em + [1 = 6 (v])] e} yA® — kvfyr }

t=0
where the maximization in the first line is subject to (6), (7) and (38) (which must bind
at an optimum), the second line has been obtained by substituting these constraints into the
objective function, and {v} } in the last line denotes the sequence of v; characterized by (41). The
allocation in the statement of the proposition achieves W** and therefore solves the Planner’s

problem. m

Proof of Proposition 15. Consider a stationary equilibrium with free entry (for the model
with & = 0). As v — £, (30) implies
[2M =G (e))de
* = * e*
e* + B [5 —e*+6(v) gst G (e) ds] L5y

— 0

which in turn implies €* — eg. The dealer’s and the investor’s Euler equations for equity in

Lemma 5 imply

*

e max{g*,g—+5<v>9/€L (e —a)dG(ei)}y,

and as €* — ey, max {6*,6_—|— J(v) 9[;:(5* —&;)dG (61)} — max{eg,e+d(v)0(eg — &)} =
em, so A}, — A®, ie., only dealers hold equity overnight. Thus, from (46), ® — k — II(v),
where

Mv)=pr(w)(1—-0)(ecg —&)y(1 —7)A° — k.

Notice that

lim II(v) =-k<0<p(1—-0)(eg—¢&)y(l—7m)A°—k=11(0)

V—00
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and II' (v) = B (v) (1 —0)(eg — &)y (1 —7) A® < 0, so there exists a unique v € (0,00)
that satisfies II (v) = 0. To conclude we only need to show that under the hypothesis of the
proposition, IT (v) = 0 is equivalent to (41). Notice that §” (v) < 0 implies & (v) = § (v) /v <
8’ (0) for any v > 0. In particular, for v = 0 this implies 1 < ¢’ (0). Hence

0<B(—0)(en—2)y(l—m) A"~k < B3 (0) (e — D)y (1 — ) A" — k

which means that v > 0 in the Planner’s solution. Then (41) must hold with equality and the
optimal v satisfies
B8 (v) (eg — &)y (1 —m) A° — k= 0. (131)

Finally, notice that ¢’ (v) = & (v)+ &' (v) v, so if the Hosios condition holds, 1 -6 = 1— =l

K(v)
i((S)) and (131) is identical to I1 (v) = 0. m
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